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Abstract: In this study, we investigate the application of the

meshless collocation technique using radial basis functions

(RBF) to approximate a class of linear and nonlinear frac-

tional order delay-integro-differential equations with van-

ishing variable delays. Such equations, formulated within

the framework of fractional calculus, are particularly use-

ful for modeling processes with memory and hereditary

characteristics, providing a more accurate representation

of many physical and engineering phenomena than clas-

sical integer-order models. First, we prove the existence

and uniqueness of solutions of the studied equation for

both linear and nonlinear cases. Then, we develop an RBF

interpolation combined with the Gauss–Legendre quadra-

ture formula, enabling the proposed approach to solve the

equations without relying on background approximation

cells. The developed method is computationally efficient,

stable, and requires low memory. Furthermore, the error
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analysis of this scheme is discussed. Several computational

tests are presented to demonstrate the reliability and pre-

cision of the proposed technique for solving the considered

equations. The obtained results are compared with analyt-

ical solutions, the moving least squares method, and other

existing approaches to confirm the effectiveness and appli-

cability of the proposed scheme.
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1 Introduction

Fractional calculus has attracted the scientific community’s

attention as a robust mathematical framework for extend-

ing the concepts of differentiation and integration to non-

integer orders. While classical calculus is limited to integer-

order operations, fractional calculus provides amore gener-

alized approach [1, 2]. Furthermore, it allows for the incor-

poration of memory effects and hereditary properties. It is

worth noting that this characteristic is particularly impor-

tant when modeling real-world phenomena. Moreover, one

intrinsic feature of fractional calculus, not given by clas-

sical calculus, is its ability to model the dynamic nature

of systems. Researchers utilized this property to formu-

late several problems from various fields, including fluid

mechanics, control theory,materials science, and signal pro-

cessing. Additionally, fractional calculus is used in biology

[3, 4], complex physics systemandfinance.More specifically,

differential equations (DEs) and Volterra integral equations

(VIEs) with non-integer order derivatives were used to sim-

ulate several real-world phenomena, such as continuum

mechanics, fluid-dynamics traffic model [5], chemistry, and
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acoustics [6]. For a detailed review, the reader is invited to

see [7, 8].

Among well-studied fractional DEs are pantograph dif-

ferential equations (PDEs). The pantograph DEs were ini-

tially used for scaling and drawing. Currently, it is used in

modernmodels for electric trains,material and lasermodel-

ing. Pantograph equations are a class of integro-differential

equations (IDEs) with proportional delays. These kinds of

equations appear in several scientific and applied fields,

such as biology, control theory, astrophysics, economics,

and electrodynamics [9]. Notably, an important question

on mathematical research is the investigation of frac-

tional delay-integro-differential equations (FDIDEs). These

equations arise from several scientific and engineering

problems due to their ability to model complex dynam-

ical systems that incorporate memory effects and hered-

itary properties. However, their complex structure poses

multiple difficulties when seeking explicit analytical solu-

tions. In fact, finding analytical solutions for such equations

is always a hard task. Instead, one may use numeri-

cal techniques. Actually, several stable numerical methods

were proposed for FDIDEs. In this work, we use a col-

location method based on radial basis functions (RBF) to

derive an approximate solution for both linear and non-

linear FDIDEs characterized by vanishing variable delays.

The general formulation of these equations is given as

follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

D𝛼u(t) = a1(t)u(t)+ a2(t)u(𝜃(t))+ a3(t)∫
t

0

K1(t, s)u(s)ds

+a4(t)∫
𝜃(t)

0

K2(t, 𝜏 )u(𝜏 )d𝜏 + f (t),

u(0) = 𝜆, where 𝜆 is an arbitrary real constant,

(1)

and

⎧⎪⎪⎪⎨⎪⎪⎪⎩

D𝛼u(t) = a1(t)u(t)+ a2(t)u(𝜃(t))+ a3(t)∫
t

0

K1(t, s)G1(u(s))ds

+a4(t)∫
𝜃(t)

0

K2(t, 𝜏 )G2(u(𝜏 ))d𝜏 + g(t),

u(0) = 𝜆, where 𝜆 is an arbitrary real constant,

(2)

in which t ∈ I := [0, T], 𝛼 ∈ (0, 1], D𝛼 is expressed

in Caputo sense and designates the fractional deriva-

tive of fractional order 𝛼, Gi ∈ C1(ℝ) (i = 1, 2), while

aj(t) (j = 1, 2,… , 4), g(t) and f (t) are given bounded func-

tions, f : [0,∞)→ (∞,∞), g: [0,∞)→ (∞,∞), The delay

function 𝜃(t) is expressed as 𝜃(t) := t − 𝜅(t) and adheres

to the following conditions, as stated in [10]:

(C1) At t = 0, the function 𝜅(t) satisfies 𝜅(0) = 0,

while for all t ∈ (0, T], it remains strictly positive, ensuring

a vanishing delay.

(C2) ∃𝜐 ∈ (0, 1) where 𝜃(t) is bounded by 𝜃(t) ≤ 𝜐t

for all t ∈ I. Moreover, the derivative condition 𝜃
′(t) ≥

𝜐0 > 0 holds.

(C3) The function 𝜃(t) belongs to the class of continu-

ously differentiable functions, i.e., 𝜃(t) ∈ C1(I).

Furthermore, Ki ∈ C
(
Di

)
in which i = 1, 2, D1 :={(t,

s): 0 ≤ s ≤ t ≤ T}, and D2 :={(t, 𝜏): 0 ≤ 𝜏 ≤ 𝜃(t) ≤ 𝜃

(T)}. A notable case covered by Equation (1) is when the

delay function takes the form 𝜃(t) = 𝜐t, indicating a pro-

portional delay where 𝜐 lies within the range (0,1).

The linear case, 𝜃(t) = 𝜐t = t − (1 − 𝜐)t =: t − 𝜅

(t)(0 < 𝜐 < 1) (proportional delay) is also called the pan-

tograph delay function. In this investigation, we are con-

sidering a vanishing delay, although the proposed meth-

ods may also be employed with nonvanishing delay too.

When 𝜃(t) = 𝜐t, called the pantograph, numerous schemes

were suggested to approximate (1). A numerical algorithm is

offered for solving the equations (1) and (2) in which 𝜃(t) is

more general than pantograph.

Consider Γ(⋅) as the Gamma function. Given n ∈ ℕ and

𝛼 ∈ ℝ where n− 1 < 𝛼 < n, then the derivative accord-

ing to Caputo is given by the following formula:

D𝛼u(t) = 1

Γ(n− 𝛼 )

t

∫
0

u(n)(s)

(t − s)(𝛼−n+1)
ds, t ∈ [0, T].

Researchers have recently turned their attention to

FDIDEs. In [11], numerical procedure using Euler wavelets

has been proposed for FDIDEs. A numerical method using

Haar wavelet for solving these equations has been used in

[12]. In [13], Yang andHuang employed a spectral collocation

approach for FDIDEs.

Meshless techniques have emerged as awidely adopted

approach for scattered data estimation, providing func-

tion approximations without the necessity of mesh gener-

ation within the domain. These methods are regarded as

highly efficient and powerful computational tools across

various fields. Commonly employed mesh-free schemes in

scientific research can be broadly categorized into moving

least squares (MLS) and RBFs methods. One of the most

notable advantages of numerical techniques based on RBFs

is their independence from meshing. In many RBF-based

approaches, the solution’s accuracy and stability are greatly

affected by an essential positive factor called the shape

parameter. A substantial body of research has been dedi-

cated to determining the optimal value of this shape param-

eter, a task that proves to be quite challenging in most
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cases. Over the years, RBF-based methods have been exten-

sively investigated to deal with different types of PDEs. This

methodology has been successfully extended to numerous

applications, as illustrated in [14].

A considerable number of publications have intro-

duced numerical methods for solving various sorts of prob-

lems using mesh-free methods, such as VIEs and integro-

differential equations [15–19]. RBF is a highly advanced

meshless approach that have been successfully employed

and developed for several different applications in recent

years. The advantages of this approach include simplicity of

implementation and the ability to achieve high convergence

by utilizing infinitely differentiable RBFs.

The following are the benefits of the suggested tech-

nique:

– The approach is independent of the domain’s geometry,

making it suitable for different problems.

– This methodology can be generalized to address

other types of fractional differential-integral equations

(FDIDEs).

– Distinguished by its high accuracy, this method elim-

inates the need for meshing, accommodates complex

and irregular geometric domains, and remains unaf-

fected by the problem’s dimensionality.

– From a computational standpoint, the implementation

of this technique is straightforward.

The subsequent sections are as follows:

– In Section 2, we recall key principles of fractional cal-

culus, establishing the groundwork for the subsequent

discussions.

– In Section 3, we establish, for both the linear and the

nonlinear case, the structural results of solutions (exis-

tence and uniqueness).

– Section 4 presents a detailed overview of radial basis

function (RBF) approximations, highlighting essential

properties and expressions.

– In Section 5, we propose a numerical technique based

on RBFs to tackle (1) and (2).

– we study, in the Section 6, the convergence behavior

of the proposed method, ensuring its mathematical

soundness.

– Section 7 illustrates the accuracy and effectiveness of

our approach by comparing numerical results for

equations (1) and (2) with existing methodologies.

– Finally, Section 8 summarizes the findings and the lim-

itations of the developed method and presents some

ideas for future research.

2 Preliminaries

The upcoming section explores the foundational concepts of

fractional calculus, outlining itsmain principles, fundamen-

tal properties, and most used definitions that distinguish it

from classical calculus [20].

Definition 2.1. Let h : ℝ+ → ℝ. The function

h ∈ C𝜇[0,∞), and 𝜇 ∈ ℝ, if ∃p such that p > 𝜇 and

h(t) = tph1(t), where h1(t) ∈ C[0,∞).

Furthermore, the function h is considered to be

in the space Cn
𝜇
[0,∞) if its n-th derivative satisfies

h(n)(t) ∈ C𝜇[0,∞) for some n ∈ ℕ. Several definitions exist
for fractional derivatives, amongwhich themost frequently

utilized ones include those of Riemann-Liouville, Grünwald-

Letnikov, and Caputo.

Definition 2.2. For a function h ∈ C𝜇 , the given equation

J𝛼h(t) = 1

Γ(𝛼 )

t

∫
a

(t − s)𝛼−1h(s) ds, 𝛼 > 0, t > a, (3)

defines the Riemann-Liouville fractional integral operator

of order 𝛼 ≥ 0. Here, Γ(𝛼) is the gamma function, defined
as

Γ(𝛼 ) =
∞

∫
0

t𝛼−1e−t dt. (4)

By convention, for 𝛼 = 0, the operator reduces to the iden-

tity function:
J0h(t) = h(t). (5)

Clearly, for 𝛽1, 𝛽2 ∈ ℝ, we have

J𝛼
(
𝛽1 f (t)+ 𝛽2g(t)

)
= 𝛽1 J

𝛼 f (t)+ 𝛽2 J
𝛼g(t).
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Definition 2.3. For a function h(t), the following equation:

D𝛼h(t) =
⎧⎪⎨⎪⎩

1

Γ(n− 𝛼 )∫
t

0

(t − s)n−𝛼−1h(n)(s) ds, if n− 1 < 𝛼 ≤ n, n ∈ ℕ,

dnh(t)

dtn
, if 𝛼 = n.

(6)

defines the Caputo fractional derivative of order

𝛼 > 0. The parameter Γ(⋅) represents the gamma function,
which is used for normalization. This formulation is widely

employed in fractional calculus as it allows for initial con-

ditions to be expressed in terms of classical derivatives,

making it particularly useful in physical and engineering

applications.

For t > 0, h ∈ Cn
𝜇
, 𝛼 ≥ −1, integral operators of Rie-

mann and Caputo fulfill:

D𝛼 J𝛼h(t) = h(t),

and
J𝛼D𝛼h(t) = h(t)−

m−1∑
k=0

h(k )
(
0+
)

k! tk,

m− 1 < 𝛼 ≤ m.

Definition 2.4. The set of functions whose derivative is

absolutely continuous (n − 1)-st is noted n[a, b]. Indeed,

the function h(t) is in n[a, b] for that there is a function

𝑣(t) ∈ L1[a, b] such that

h(n−1)(t) = h(n−1)(0)+
t

∫
a

𝑣(𝜏 )d𝜏 .

Wehave for𝛼 > 0 for a functionh ∈ n[a, b], the Riemann

fractional derivative is generally expressed as follows:

D𝛼h(t) =
(
d

dt

)n

Jn−𝛼h(t), n− 1 < 𝛼 ≤ n.

Lemma 1. Let 𝛼 > 0, n = [𝛼] and h(t) = tc for some

c ≥ 0. Then,

D𝛼h(t) =
⎧⎪⎨⎪⎩
0 if c ∈ {0, 1,… , n− 1}
Γ(c + 1)

Γ(c + 1− 𝛼 )
tc−𝛼 if c ∈ N and c ≥ n or c not in N and c > n− 1.

3 Existence and uniqueness

of solutions

3.1 Linear case

Theorem 3.1 (Existence and Uniqueness for the Linear Equation).

Assume that

– The functions aj(t) (j = 1, 2, 3, 4), the inhomogeneity

f (t), and the kernels Ki(t, s) (i = 1, 2) are continuous

and bounded on the interval I = [0, T].

– The delay function 𝜃(t) = t − 𝜅(t) satisfies:

(C1) 𝜅(0) = 0 and 𝜅(t) > 0 for t ∈ (0, T] (i.e. the

delay vanishes at t = 0);

(C2) 𝜃(t) ≤ 𝜐t for some 𝜐 ∈ (0, 1) and all t ∈ I,

with 𝜃′(t) ≥ 𝜐0 > 0;

(C3) 𝜃(t) ∈ C1(I).

– There exists a constant

L := T𝛼

Γ(𝛼 + 1)

(
sup
t∈I
|a1(t)|+ sup

t∈I
|a2(t)|

+ sup
t∈I
|a3(t)|MK1

+ sup
t∈I
|a4(t)|MK2

)
< 1,

where MK1
and MK2

are appropriate bounds for the inte-

gral operators induced by K1 and K2.

Then the linear fractional integro-differential equation

⎧⎪⎪⎪⎨⎪⎪⎪⎩

D𝛼u(t) = a1(t)u(t)+ a2(t)u(𝜃(t))+ a3(t)∫
t

0

K1(t, s)u(s) ds

+a4(t)∫
𝜃(t)

0

K2(t, 𝜏 )u(𝜏 ) d𝜏 + f (t),

u(0) = 𝜆,

(7)

admits a unique solution in the Banach space C([0, T],ℝ).
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Proof. We first recall that, for a real order 𝛼 ∈ (0, 1], the

caputo-derivative is

D𝛼u(t) = 1

Γ(1− 𝛼 )

t

∫
0

u′(s)
(t − s)𝛼

ds,

and its associated fractional integral operator is given by

(I𝛼𝜑)(t) = 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1𝜑(s) ds.

Applying I𝛼 to both sides of (7) andusing the initial condition

u(0) = 𝜆, one obtains the equivalent integral equation:

u(t) = 𝜆+ 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1
{
a1(s)u(s)+ a2(s)u(𝜃(s))

+ a3(s)

s

∫
0

K1(s, 𝜉 )u(𝜉 ) d𝜉

+ a4(s)

𝜃(s)

∫
0

K2(s, 𝜏 )u(𝜏 ) d𝜏

+ f (s)

}
ds. (8)

Define the operator

Φ : C([0, T],ℝ)→ C([0, T],ℝ)

defined by

(Φu)(t) = 𝜆+ 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1
{
a1(s)u(s)+ a2(s)u(𝜃(s))

+ a3(s)

s

∫
0

K1(s, 𝜉 )u(𝜉 ) d𝜉

+ a4(s)

𝜃(s)

∫
0

K2(s, 𝜏 )u(𝜏 ) d𝜏

+ f (s)

}
ds. (9)

Using the boundedness of aj, Ki, and the properties of

𝜃(t), one can show that ∀u, 𝑣 ∈ C([0, T],ℝ),

‖Φu−Φ𝑣‖ ≤ T𝛼

Γ(𝛼 + 1)

(
sup
t∈I
|a1(t)|+ sup

t∈I
|a2(t)|

+ sup
t∈I
|a3(t)|MK1

+ sup
t∈I
|a4(t)|MK2

)
× ‖u− 𝑣‖.

Because the constant on the right-hand side is less than

1 by hypothesis,Φ is a contraction. Next, using the contrac-

tion principle, ∃!u ∈ C([0, T],ℝ) where Φu = u, which is

equivalent to the unique solution of (7). □

3.2 Nonlinear case

Theorem 3.2 (Existence and Uniqueness for the Nonlinear

Equation). Assume that

– The functions aj(t) (j = 1, 2, 3, 4), the inhomogeneity

g(t), and the kernels Ki(t, s) (i = 1, 2) are continuous

and bounded on the interval I = [0, T].

– The delay function 𝜃(t) = t − 𝜅(t) satisfies:

(C1) 𝜅(0) = 0 and 𝜅(t) > 0 for t ∈ (0, T];

(C2) 𝜃(t) ≤ 𝜐t for some 𝜐 ∈ (0, 1) and all t ∈ I,

with 𝜃′(t) ≥ 𝜐0 > 0;

(C3) 𝜃(t) ∈ C1(I).

– The functions Gi ∈ C1(ℝ) (for i = 1, 2) are Lipschitz

continuous with Lipschitz constants LGi .

– There exists a constant

L := T𝛼

Γ(𝛼 + 1)

(
sup
t∈I
|a1(t)|+ sup

t∈I
|a2(t)|

+ sup
t∈I
|a3(t)| M̃K1

+ sup
t∈I
|a4(t)| M̃K2

)
< 1,

where M̃K1
and M̃K2

denote appropriate bounds for the

integral operators induced by K1 andK2 that incorporate

the Lipschitz constants of G1 and G2.

Then the nonlinear FIDE

⎧⎪⎪⎪⎨⎪⎪⎪⎩

D𝛼u(t) = a1(t)u(t)+ a2(t)u(𝜃(t))+ a3(t)∫
t

0

K1(t, s)G1(u(s)) ds

+a4(t)∫
𝜃(t)

0

K2(t, 𝜏 )G2(u(𝜏 )) dd𝜏 + g(t),

u(0) = 𝜆,

(10)

have a single solution in C([0, T],ℝ).

Proof. Proceeding as in the linear case, we integrate (10)

using the operator I𝛼 . In fact, with the Caputo derivative and

u(0) = 𝜆, we obtain the equivalent integral equation:

u(t) = 𝜆+ 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1
⎧⎪⎨⎪⎩
a1(s)u(s)+ a2(s)

× u(𝜃(s))+ a3(s)

s

∫
0

K1(s, 𝜉 )G1(u(𝜉 )) d𝜉
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+ a4(s)

𝜃(s)

∫
0

K2(s, 𝜏 )G2(u(𝜏 )) d𝜏 + g(s)

⎫⎪⎬⎪⎭
ds.

Define the operatorΨ : C([0, T],ℝ)→ C([0, T],ℝ) by

(Ψu)(t) = 𝜆+ 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1
⎧⎪⎨⎪⎩
a1(s)u(s)+ a2(s)u(𝜃(s))

+ a3(s)

s

∫
0

K1(s, 𝜉 )G1(u(𝜉 )) d𝜉

+ a4(s)

𝜃(s)

∫
0

K2(s, 𝜏 )G2(u(𝜏 )) d𝜏 + g(s)

⎫⎪⎬⎪⎭
ds.

Owing to the boundedness of aj, Ki, the properties of 𝜃(t),

and the Lipschitz continuity of Gi, one can show that for any

u, 𝑣 ∈ C([0, T],ℝ),

‖Ψu−Ψ𝑣‖ ≤ T𝛼

Γ(𝛼 + 1)

(
sup
t∈I
|a1(t)|+ sup

t∈I
|a2(t)|

+ sup
t∈I
|a3(t)| M̃K1

+ sup
t∈I
|a4(t)| M̃K2

)
× ‖u− 𝑣‖.

By hypothesis, the constant on the right-hand side is

less than 1, so that Ψ is a contraction. Hence, using the

contraction principle, ∃u ∈ C([0, T],ℝ) such that Ψu = u,

which is the unique solution of (10). □

4 An outline of RBFs

Over the last decade, considerable developments have been

made in the application of RBFs to the numerical solu-

tion of various types of problems. Estimating unknown

functions over scattered points using RBFs is a highly effi-

cient technique. This technique was not generally applied

by developers until Franke [21] published a review arti-

cle on the evaluation of two-dimensional interpolation

approaches. The development of these techniques began

with Hardy [22] in 1971 as a multidimensional scattered

interpolation approach. Radial basis functions have become

popular in interpolation techniques because of their abil-

ity to solve problems that are not possible with standard

methods. The development of novel basis functions and

hybrid approaches has further expanded the scope of RBF

applications. In addition, with ongoing research, RBF tech-

niques continue to be refined and extended to address new

challenges in scientific computing. As computational power

increases, these methods are expected to play an even

greater role in tackling large-scale problems that require

robust and efficient numerical solutions. Here, RBFs are

presented and used to interpolate a function.

Definition 4.1 ([23, 24]). A functionΦ : ℝd → ℝ is termed a

radial function if it can be expressed in terms of a single

variable function 𝜙 : [0,∞)→ ℝ, satisfying

Φ(t) = 𝜙
(‖t‖2).

Let = {t1,… , tn} ∈ Ω ⊂ ℝd be a chosen set of nodes.

In order to obtain an estimate of a function u(t) via a

radial function, the following linear combination may be

employed

u(t) ≈ nu(t) =
n∑

k=1
dk𝜙

(‖‖t − tk
‖‖)

+
M∑
r=1

br pr(t), t ∈ Ω, (11)

where p1,… , pM form a basis for theM =
(
d+m−1
m−1

)
dimen-

sional linear spaceΠd
m−1 of polynomials of total degree less

than or equal to m − 1 in d variables. The interpolation

problem is to find dk, k = 1,… , n and br, r = 1,… ,M, so

that nu across all data fulfills

nu
(
ti
)
= u

(
ti
)
= ui, i = 1,… , n., and

n∑
i=1

di pj
(
ti
)
= 0, j = 1,… ,M.

This system may be conveniently represented in matrix

form as shown below:( p

p
T 0

)(
d

b

)
=
(


0

)
, (12)

wherein  and p are the n × n and n × M matrices

with the elements i j = 𝜙
(‖‖‖ti − tj

‖‖‖
)
, i, j = 1,… , n

and pi j = pj
(
ti
)
, i = 1,… , n, j = 1,… ,M, respectively.

Moreover d =
[
d1,… , dn

]T
,b =

[
b1,… , bN

]T
and

 =
[
u
(
t1
)
,… , u

(
tn
)]T

.

In order to guarantee the well-posed of this interpola-

tion problem, at first, we present some definitions from [24].

Definition 4.2 ([24]). A real-valued continuous even func-

tionΦ is called conditionally positive definite of orderm on

ℝd if
n∑
j=1

n∑
k=1

djdkΦ
(
tj − tk

) ≥ 0, (13)
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for any n points t1,… , tn ∈ ℝd, and d =
[
d1,… , dn

]T ∈ ℝn

satisfying

n∑
j=1

djt
𝛼
j
= 0, |𝛼| < m, 𝛼 ∈ ℕS

0
.

The function Φ is called strictly conditionally positive

definite of order m on ℝd if the points t1,… , tn ∈ ℝd are

distinct, and d ≠ 0 implies strict inequality in (13).

Remark 4.3. An immediate observation is that a function

which is conditionally positive definite of order m on ℝd

also is conditionally positive definite of any higher order.

The casem = 0, i.e., (strictly) conditionally positive definite

functions of order zero, yields a class of functions named

(strictly) positive definite.

Definition 4.4 ([24]). A set of points = {t1,… , tn} ⊂ ℝd is

calledm-unisolvent if the only polynomial of total degree at

mostm interpolating zero data on is the zero polynomial.

We are ready to ensure the well-posed of interpolation

problem under the conditions of following theorem [24]:

Theorem 4.5. If the real-valued even function Φ is strictly

conditionally positive definite of ordermonℝd and the points

{t1,… , tn} form an (m − 1)-unisolvent set, then the system

of linear equations (12) is uniquely solvable.

The following are some of the most widely used RBFs

[24]:

– Gaussian (GA):

𝜙(r) = e−c‖r‖2 , c > 0,

which is strictly positive definite on ℝd.

– Inverse Multiquadrics (IMQ):

𝜙(r) =
(‖r‖2 + c2

)−1∕2
, c > 0,

also strictly positive definite on ℝd.

– Multiquadrics (MQ):

𝜙(r) =
(‖r‖2 + c2

)1∕2
, c > 0,

which is conditionally positive definite of orderm ≥ 1

in ℝd.

– Thin Plate Splines (TPS):

𝜙(r) = (−1)n+1‖r‖2n log ‖r‖, n ∈ ℕ,

which is conditionally positive definite of order

m ≥ n + 1 in ℝd.

Next, we introduce a class of functions closely associated

with conditionally positive definite radial functions, which

provides a fundamental characterization of these functions.

Definition 4.6 ([24]). A function 𝜙 : [0,∞)→ ℝ belonging

to C[0,∞) ∩ C∞(0,∞) is considered completely monotone

if it satisfies:

(−1)l𝜙(l)(r) ⩾ 0, r > 0, l = 0, 1, 2,…

It’s worth noting that the choice of the shape parameter

influence significantly the success of the RBF method. In

fact, this parameter is critical in controlling the behavior

of the functions. However, determining an optimal value

for the parameter c remains an ongoing research challenge.

Several studies have explored this issue [21, 22, 25–27], yet a

universally accepted solution is still challenging.

5 The computational scheme

We dedicate the current section to presenting a solving

approach to approximate solutions of Eq. (1) using the RBF

approach. RBFs are among the more advanced mesh-free

methods that have received attention over the last few years

and represent an essential tool for multivariate interpola-

tion. Let us now use the RBF estimation scheme to solve

problem (1). To accomplish this, we use an RBF and nodes

in [a, b]. Thus, we define

𝜙 j(t) = Φ
(|||t − tj

|||
)
.

For ease of calculation, let us take 𝜃(t) = 𝜐t. By applying the

fractional integral introduced in the preliminaries to both

sides of Eq. (1), we may reformulate (1) in the following way

u(t)− 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1
⎡⎢⎢⎣a1(s)u(s)+ a2(s)u(𝜐s)

+ a3(s)

s

∫
0

K1(s, y)u(y)dy

+ a4(s)

𝜐s

∫
0

K2(s, 𝜏 )u(𝜏 )d𝜏

⎤⎥⎥⎦ds = F(t),

(14)

in which F(t) = 𝜆+ 1

Γ(𝛼 )∫ t

0
(t − s)𝛼−1 f (s)ds.

By utilizing the quadrature rule, we can evaluate the

Eq. (14). First, instead of integrating in [0, t], we integrate in

the interval [0,1]. To accomplish this, we need to perform the

conversion below

s := xt, x ∈ [0, 1], s ∈ [0, t]. (15)
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Next, we have

u(t)− t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1
⎡⎢⎢⎣a1(xt)u(xt)+ a2(xt)u(𝜐xt)

+ a3(xt)

xt

∫
0

K1(xt, y)u(y)dy

+ a4(xt)

𝜐xt

∫
0

K2(xt, 𝜏 )u(𝜏 )d𝜏

⎤⎥⎥⎦dx = F(t).

(16)

By analogy to the previous scheme, the integration distance

[0, 𝜐xt] and [0, xt] are modified into the fixed distance in

[0,1]. Therefore, we let

y = xtq, q ∈ [0, 1], y ∈ [0, xt],

𝜏 = 𝜐xtr, r ∈ [0, 1], 𝜏 ∈ [0, 𝜐xt].
(17)

We obtain

u(t)− t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1
⎡⎢⎢⎣a1(xt)u(xt)+ a2(xt)u(𝜐xt)

+ a3(xt)xt

1

∫
0

K1(xt, xtq)u(xtq)dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)u(𝜐xtr)dr

⎤⎥⎥⎦dx = F(t).

(18)

For using the novel proposed technique, based on the RBF

collocation scheme, for estimating the solution of problem

(1), the Eq. (18) needs to be reduced to a system of equations.

Subsequently, we use

ũ(t) =
n∑
j=1

dj𝜙 j(t)+
M∑
r=1

br pr(t), t ∈ [a, b], (19)

to replace u(t) as an approximation, i.e,

ũ(t)− t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1
⎡⎢⎢⎣a1(xt)ũ(xt)

+ a2(xt)ũ(𝜐xt)+ a3(xt)xt

1

∫
0

K1(xt, xtq)ũ(xtq)dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)ũ(𝜐xtr)dr

⎤⎥⎥⎦dx = F(t).

(20)

By substituting, we get

n∑
j=1

dj𝜙 j(t)+
M∑
r=1

br pr(t)−
t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1

×
[
a1(xt)

(
n∑
j=0

dj𝜙 j(xt)+
M∑
r=1

br pr(xt)

)

+ a2(xt)

(
n∑
j=0

dj𝜙 j(𝜐xt)+
M∑
r=1

br pr(𝜐xt)

)

+ a3(xt)xt

1

∫
0

K1(xt, xtq)

(
n∑
j=0

dj𝜙 j(xtq)

+
M∑
r=1

br pr(xtq)

)
dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)

(
n∑
j=0

dj𝜙 j(𝜐xtr)

+
M∑
r=1

br pr(𝜐xtr)

)
dr

]
dx = F(t).

(21)

To evaluate the integral in (21), consider that the collo-

cation points are the set of quadrature rule points {ti}ni=1.
Assume that Eq. (21) is valid at the collocation points, then

n∑
j=1

dj𝜙 j(ti )+
M∑
r=1

br pr(ti )−
ti

Γ(𝛼 )

1

∫
0

(ti − xti )
𝛼−1

×
[
a1(xti )

(
n∑
j=0

dj𝜙 j(xti )+
M∑
r=1

br pr(xti )

)

+ a2(xti )

(
n∑
j=0

dj𝜙 j(𝜐xti )+
M∑
r=1

br pr(𝜐xti )

)

+ a3(xti )xti

1

∫
0

K1(xti, xtiq)

(
n∑
j=0

dj𝜙 j(xtiq)

+
M∑
r=1

br pr(xtiq)

)
dq

+ a4(xti )𝜐xti

1

∫
0

K2(xti, 𝜐xtir)

(
n∑
j=0

dj𝜙 j(𝜐xtir)

)

+
(

M∑
r=1

br pr(𝜐xtir)

)
dr

]
dx = F(ti ).

(22)

The objective is to find an approximate vales of the integral

terms of (22). For this, we use a uniform subdivision L to



E. Aourir et al.: On the existence and the approximation of solutions — 9

generate m-point Gauss-Legendre quadrature. Note them

{tk} =
{(
t1k ,… , tdk

)}
and the integration weights {𝑤k}.

Based on results of [28], we get the following approximation

∫
Ω

K
(
xi, t

)
𝜙 j(t)dt ≈

L∑
r=1

m∑
k=1

w̃kK
(
xi, 𝜆

r
k

)
𝜙 j

(
𝜆r
k

)
, (23)

where w̃k and 𝜆r
k
=
(
𝜆r
1k
,… , 𝜆r

dk

)
are calculated taking

into account the weights {𝑤k} and the points {tk}. Conse-
quently, the equation (22) may be formulated according to

this numerical integration rule, and we get the next system

of equations

F(ti ) =
n∑
j=1

d̂ j𝜙 j(ti )+
M∑
r=1

b̂r pr(ti )

− ti
Γ(𝛼 )

L∑
r1=1

m∑
k1=1

w̃k1

(
ti − 𝜆

r1
k1
ti

)𝛼−1

×
(
a1

(
𝜆
r1
k1
ti

)( n∑
j=1

d̂ j𝜙 j

(
𝜆
r1
k1
ti

)
+

M∑
r=1

b̂r pr

(
𝜆
r1
k1
ti

))

+ a2

(
𝜆
r1
k1
ti

)( n∑
j=1

d̂ j𝜙 j

(
𝜐𝜆

r1
k1
ti

)
+

M∑
r=1

b̂r pr

(
𝜐𝜆

r1
k1
ti

))

+ a3

(
𝜆
r1
k1
ti

)
𝜆
r1
k1
ti

L∑
r2=1

m∑
k2=1

w̃k2
K1

(
𝜆
r1
k1
ti, 𝜆

r1
k1
ti𝜆

r2
k2

)

×
(

n∑
j=1

d̂ j𝜙 j

(
𝜆
r1
k1
ti𝜆

r2
k2

)
+

M∑
r=1

b̂r pr

(
𝜆
r1
k1
ti𝜆

r2
k2

))

+ a4

(
𝜆
r1
k1
ti

)
𝜐𝜆

r1
k1
ti

L∑
r3=1

m∑
k3=1

w̃k3
K2

(
𝜆
r1
k1
ti, 𝜐𝜆

r1
k1
ti𝜆

r3
k3

)

×
(

n∑
j=1

d̂ j𝜙 j

(
𝜐𝜆

r1
k1
ti𝜆

r3
k3

)
+

M∑
r=1

b̂r pr

(
𝜐𝜆

r1
k1
ti𝜆

r3
k3

)))
.

(24)

To determine the unknown coefficients d̂ j and b̂r from

n equations resulting from (24), a set ofM extra equations is

needed, that is

n∑
i=1

d̂i pr
(
ti
)
= 0, 1 ≤ r ≤ M.

To determine the unknown coefficients d̂ j and b̂r, one

can employ computational tools and suitable numerical

algorithms to solve the given system efficiently. In conclu-

sion, u(t) may be estimated at every point t ∈ [a, b] using

û(t) =
n∑
j=1

d̂ j𝜙 j(t)+
M∑
r=1

b̂r pr(t).

Now,we turn to a description of themethod for the non-

linear case. By using the transformations (15) and (17), we

can reformulate (2) as follows

u(t)− t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1
[
a1(xt)u(xt)+ a2(xt)u(𝜐xt)

+ a3(xt)xt

1

∫
0

K1(xt, xtq)G1(u(xtq))dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)G2(u(𝜐xtr))dr

⎤⎥⎥⎦dx
= G(t),

(25)

in which G(t) = 𝜆+ 1

Γ(𝛼 )∫ t

0
(t − s)𝛼−1g(s)ds.

For using the novel proposed technique, based on

the RBF collocation scheme, for estimating the solution of

problem (2), the Eq. (25) needs to be reduced to an algebraic

system of equations. Subsequently, we have

u⋆(t) =
n∑
j=1

dj𝜙 j(t)+
M∑
r=1

br pr(t), t ∈ [a, b], (26)

as an estimate of u(t), i.e,

u⋆(t)− t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1
[
a1(xt)u

⋆(xt)

+ a2(xt)u
⋆(𝜐xt)+ a3(xt)xt

×
1

∫
0

K1(xt, xtq)G1(u
⋆(xtq))dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)

×G2(u
⋆(𝜐xtr))dr

]
dx = G(t).

(27)

By substituting, we get

n∑
j=1

dj𝜙 j(t)+
M∑
r=1

br pr(t)

− t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1

(
a1(xt)

(
n∑
j=1

dj𝜙 j(xt)

+
M∑
r=1

br pr(xt)

)
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+ a2(xt)

(
n∑
j=1

dj𝜙 j(𝜐xt)+
M∑
r=1

br pr(𝜐xt)

)

+ a3(xt)xt

1

∫
0

K1(xt, xtq)G1

(
n∑
j=1

dj𝜙 j(xtq)

+
M∑
r=1

br pr(xtq)

)
dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)G2

(
n∑
j=1

dj𝜙 j(𝜐xtr)

+
M∑
r=1

br pr(𝜐xtr)

)
dr

)
dx = G(t). (28)

To evaluate the integral in (28), consider that the colloca-

tion points are the set of quadrature rule points {ti}ni=1.
Assume that Eq. (28) is valid at the collocation points,

hence

n∑
j=1

dj𝜙 j(ti )+
M∑
r=1

br pr(ti )

− ti
Γ(𝛼 )

1

∫
0

(ti − xti )
𝛼−1

(
a1(xti )

(
n∑
j=1

dj𝜙 j(xti )

+
M∑
r=1

br pr(xti )

)

+ a2(xti )

(
n∑
j=1

dj𝜙 j(𝜐xti )+
M∑
r=1

br pr(𝜐xti )

)

+ a3(xti )xti

1

∫
0

K1(xti, xtiq)G1

(
n∑
j=1

dj𝜙 j(xtiq)

+
M∑
r=1

br pr(xtiq)

)
dq

+ a4(xti )𝜐xti

1

∫
0

K2(xti, 𝜐xtir)G2

(
n∑
j=1

dj𝜙 j(𝜐xtir)

+
M∑
r=1

br pr(𝜐xtir)

)
dr

)
dx = G(ti ). (29)

The integral terms in (29) can be numerically approximated

using the Gauss-Legendre quadrature rule withm points. To

achieve this, we divide the domain into L uniform subin-

tervals, where each subdivision contains integration nodes

given by {tk} =
{(
t1k ,… , tdk

)}
, along with their associated

weights {𝑤k}. By using (23), the equation (29) may be for-
mulated into a system of algebraic equations

G(ti ) =
n∑
j=1

d̂ j𝜙 j(ti )+
M∑
r=1

b̂r pr(ti )

− ti
Γ(𝛼 )

L∑
r1=1

m∑
k1=1

w̃k1

(
ti − 𝜆

r1
k1
ti

)𝛼−1

×
(
a1

(
𝜆
r1
k1
ti

)( n∑
j=1

d̂ j𝜙 j

(
𝜆
r1
k1
ti

)

+
M∑
r=1

b̂r pr

(
𝜆
r1
k1
ti

))

+ a2

(
𝜆
r1
k1
ti

)( n∑
j=1

d̂ j𝜙 j

(
𝜐𝜆

r1
k1
ti

)

+
M∑
r=1

b̂r pr

(
𝜐𝜆

r1
k1
ti

))

+ a3

(
𝜆
r1
k1
ti

)
𝜆
r1
k1
ti

L∑
r2=1

m∑
k2=1

w̃k2

× K1

(
𝜆
r1
k1
ti, 𝜆

r1
k1
ti𝜆

r2
k2

)
G1

(
n∑
j=1

d̂ j𝜙 j

(
𝜆
r1
k1
ti𝜆

r2
k2

)

+
M∑
r=1

b̂r pr

(
𝜆
r1
k1
ti𝜆

r2
k2

))

+ a4

(
𝜆
r1
k1
ti

)
𝜐𝜆

r1
k1
ti

L∑
r3=1

m∑
k3=1

w̃k3

× K2

(
𝜆
r1
k1
ti, 𝜐𝜆

r1
k1
ti𝜆

r3
k3

)
G2

(
n∑
j=1

d̂ j𝜙 j

(
𝜐𝜆

r1
k1
ti𝜆

r3
k3

)

+
M∑
r=1

b̂r pr

(
𝜐𝜆

r1
k1
ti𝜆

r3
k3

)))
.

(30)

To determine the unknown coefficients d̂ j and b̂r from

n equations resulting from (30), a set ofM extra equations is

needed, that is

n∑
i=1

d̂i pr
(
ti
)
= 0, 1 ≤ r ≤ M.

Using a suitable solver, the coefficients d̂ j and b̂r may

be derived from (30). In conclusion, u(t) may be estimated

at every point t ∈ [a, b] using

û⋆(t) =
n∑
j=1

d̂ j𝜙 j(t)+
M∑
r=1

b̂r pr(t).



E. Aourir et al.: On the existence and the approximation of solutions — 11

6 Error analysis

Firstly, we present some fundamental results concerning

the solvability and the qualitative proprieties of the solu-

tions. In the case of 𝛼 = n in Eq. (6), the regularity result

of (1) holds by the lemma below.

Lemma 2 ([29]). Suppose aj(t) (j = 1, 2,… , 4), f (t) ∈
Cm(I ),K1 ∈ Cm() and K2 ∈ Cm(̃) at any m ≥ 0.

Therefore, (1) has a unique solution u(t) ∈ Cm+1(I).

We define C(I) as the Banach space and introduce

several key concepts and assumptions that will be used

throughout this section.(
M1

)
Suppose that for each function ai(t) ∈ C(I) and

for every t ∈ I, ∃Li where

||ai(t)|| ≤ Li, ∀i = 1, 2, 3, 4,

where the maximum among these values is denoted as

max{Li} = La.(
M2

)
Additionally, if there exist constants1 and2

satisfying

1 = max
t∈I

t

∫
0

||K1(t, s)||ds, 2 = max
t∈I

𝜐t

∫
0

||K2(t, 𝜏 )||d𝜏,
then we define

max{1,2} = .

Theorem 6.1 ([12]). Given the conditions
(
M1

)
and

(
M2

)
, if

2b𝛼La(1+)

Γ(𝛼 + 1)
< 1,

then ∃u ∈ C(I) a unique solution for (14).

We now proceed to analyze the error estimation of the

proposedmethod for solving (14). To begin,we introduce the

fill distance parameter h ,Ω.

Definition 6.2 ([23]). Let Ω a bounded set, and  =
{ti}ni=1 ⊆ Ω a set of points then

h ,Ω = sup
t∈Ω

min
tj∈

‖‖‖ t − tj
‖‖‖2,

is the fill distance of 
Definition 6.3 ([24]). Consider Φ ∈ C

(
ℝd
)
∩ L1

(
ℝd
)
as a

strictly positive definite function. The corresponding native

Hilbert space is defined as

ℵΦ
(
ℝd
)
=
{
u ∈ C

(
ℝd
)
∩ L2

(
ℝd
)
:

û√
Φ̂

∈ L2
(
ℝd
)}

,

equipped with the inner product

< u, 𝜐 >Φ
(
ℝd
)
= 1√

2𝜋
<

û√
Φ̂
,

𝜐√
Φ̂

>L2(ℝd)

= 1√
2𝜋 ∫

ℝd

û(𝜂 )𝜐(𝜂 )√
Φ̂

d𝜂,

where û represents the Fourier transform of u.

Theorem 6.4 ([24]). If Ω ⊆ (ℝ)d is a bounded domain with
an interior cone condition. Suppose that Φ is an infinitely

smooth positive definite radial basis function (RBF). Then,

∃h0(l) > 0 and Cl > 0 where

‖‖u(t)− nu(t)
‖‖L∞(Ω) ⩽ Clh

l
 ,Ω|u|ℵΦ(Ω),

here u ∈ ℵΦ(Ω),nu is the interpolant of u over  , and
h ,Ω ≤ h0(l).

Remark 6.5 ([24]). Based on Theorem (6.4), for sufficiently

small h ,Ω and a positive constant c, the error bound for

Gaussian approximation (GA) is given by

Φ(t) = e(−c‖t‖2), c > 0,

which yields

‖‖u− nu
‖‖L∞(Ω) ≤ e

(
−

c|log h ,Ω|
h ,Ω

)
‖u‖ℵΦ(Ω). (31)

In the case of inverse multiquadrics, where

Φ(t) =
(‖t‖2 + c2

)𝛽
, c > 0, 𝛽 < 0,

or 𝛽 > 0 and 𝛽 ∉ ℕ,

we obtain the following bound:

‖‖u− nu
‖‖L∞(Ω) ≤ e

(
− c

h ,Ω

)
‖u‖ℵΦ(Ω). (32)

The problem (14) may be formulated in as a general

operator form:

(I −)u = F, (33)

with the linear operator : C(Ω)→ C(Ω) is expressed by
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u(t) = 1

Γ(𝛼 )

t

∫
0

(t − s)𝛼−1
⎡⎢⎢⎣a1(s)u(s)+ a2(s)u(𝜐s)

+ a3(s)

s

∫
0

K1(s, y)u(y)dy

+ a4(s)

𝜐s

∫
0

K2(s, 𝜏 )u(𝜏 )d𝜏

⎤⎥⎥⎦ds,

(34)

where I represents the identity operator.

Let be a bounded operator mapping (Ω) into itself,

satisfying ‖‖ < 1. Under this condition, the operator I −
becomes a contraction. By applying the Banach fixed-point

theorem, it follows that the equation (33) admits a unique

solution u⋆(t) ∈ (Ω) for any given function F(t) ∈ (Ω).

Moreover, invoking the geometric series theorem ([28]), we

establish that the operator I − : (Ω)
1−1
←→
onto

(Ω) possesses

a bounded inverse, yielding the estimate

‖‖‖(I −)−1
‖‖‖ ≤ 1

1− ‖‖ .
To discretize the problem,we define a projection opera-

torn : C(Ω)→ Cn(Ω) associatedwith the collocation points

{t1,… , tn} ⊂ Ω:

nu(t) =
n∑

k=1
dk𝜙

(‖‖t − tk
‖‖), t ∈ Ω.

Here, the function space Cn(Ω) is spanned by {Φ1,… ,Φn},
and the coefficients {dk} are determined by solving the

interpolation problem:

nu
(
ti
)
= u

(
ti
)
, i = 1,… , n.

Next, the corresponding system for the collocation method

takes the following scheme:(
I − n)un = nF. (35)

Incorporating numerical quadrature, we sequentially

use integralsm defined as

mu(t) =
t

Γ(𝛼 )

L∑
r1=1

m∑
k1=1

w̃k1

(
t − 𝜆

r1
k1
t
)𝛼−1

×
(
a1

(
𝜆
r1
k1
t
)
u
(
𝜆
r1
k1
t
)

+ a2

(
𝜆
r1
k1
t
)
u
(
𝜐𝜆

r1
k1
t
)
+ a3

(
𝜆
r1
k1
t
)
𝜆
r1
k1
t

×
L∑

r2=1

m∑
k2=1

w̃k2
K1

(
𝜆
r1
k1
t, 𝜆

r1
k1
t𝜆

r2
k2

)
u
(
𝜆
r1
k1
t𝜆

r2
k2

)

+ a4

(
𝜆
r1
k1
t
)
𝜐𝜆

r1
k1
t

L∑
r3=1

m∑
k3=1

w̃k3

× K2

(
𝜆
r1
k1
t, 𝜐𝜆

r1
k1
t𝜆

r3
k3

)
u
(
𝜐𝜆

r1
k1
t𝜆

r3
k3

))
. (36)

Following [28, 30], we consider that m satisfies the

next conditions:

– H1: The sequence of operatorsm is a collectively com-

pact family on C(Ω).
– H2: The operator sequence m converges pointwise to

 on C(Ω).

Additionally, for any function u ∈ C(2n)(Ω) having non-

singular kernel K, we get the bound [31]:

‖‖−m
‖‖ ≤ Cm

L2m
sup
t∈Ω

|||u(2m)(t)
|||, (37)

where Cm > 0 is a constant.

By utilizing (36) and incorporating (11), we express (24)

as (
I − nm

)
ûn = nF. (38)

To further refine the accuracy of the numerical solu-

tion, an iterated discrete collocation approach is introduced:

ūn = F + nmûn. (39)

From this formulation, it is straightforward to verify that

nūn = ûn.

Thus, we can conclude that(
I −mn

)
ūn = F.

Theorem 6.6 ([28]). Suppose that the operator sequencem

in (36) satisfies assumptions H1 and H2. Let a class of projec-

tion operators noted by {n} that map C(Ω) into itself and
assume that for every function u ∈ C(Ω), we have

nu→ u as n→∞.

Let u⋆ be the unique solution of (14). Then, the operatormn

is collectively compact and pointwise convergent on C(Ω).
Moreover, for n > N, the inverse operator

(
I −mn

)−1
exists and remains uniformly bounded. Additionally, the

approximate solution ūn verifies:

‖‖ūn − u⋆‖‖L∞(Ω) ⩽
‖‖‖(I −mn

)−1‖‖‖
× ‖‖u⋆ −nnu

⋆‖‖L∞(Ω), n ⩾ N .

To establish convergence, we use the following result.
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Theorem 6.7. Assume that ∃!u⋆ ∈ C(2m)(Ω) ∩ℵΦ(Ω) solu-
tion of (14). Suppose further that the proposed scheme is

applied on a quasi-uniform set  = {ti}ni=1 ⊂ Ω, and that

the conditions of Theorem (6.4) hold. Then, ∃N > 0 where

∀n > N, the method yields a unique solution ûn that con-

verges to u⋆ as n→∞. Furthermore, there exist constants

𝜚1 and 𝜚2 such that

‖‖ûn − u⋆‖‖L∞(Ω) ≤ 𝜚1Clh
l
 ,Ω‖‖u⋆‖‖ℵ𝜙(Ω)

+ 𝜚2
Cm
L2m

sup
t∈Ω

|||u⋆(2m)(t)
|||.

Proof. From Theorem (6.6), we know that the iterated

approach possesses a solution ūn, and that
(
I −mn

)−1
exists and is uniformly bounded. Hence, we assume

‖‖‖(I −mn

)−1‖‖‖ ⩽ 𝜌1 < ∞.

This leads to the estimate:

‖‖ūn − u⋆‖‖L∞(Ω) ≤ ‖‖‖(I −mn

)−1‖‖‖
× ‖‖u⋆ −mnu

⋆‖‖L∞(Ω)

≤ 𝜌1
‖‖u⋆ −mnu

⋆‖‖L∞(Ω)

≤ 𝜌1
{‖‖u⋆ −mu

⋆‖‖L∞(Ω)

+ ‖‖‖m

(
u⋆ − nu

⋆
)‖‖‖L∞(Ω)

}
.

By assumption H2, for a large n, ∃𝜌2 > 0 verifying

‖‖m
‖‖ ⩽ 𝜌2 < ∞.

Consequently, we obtain:

‖‖ūn − u⋆‖‖L∞(Ω) ≤ 𝜌1
{‖‖u⋆ −mu

⋆‖‖L∞(Ω)

+ 𝜌2
‖‖u⋆ − nu

⋆‖‖L∞(Ω)

}
.

Using the definition of quasi-uniformity, we note that

h ,Ω → 0, as n→∞.

Applying Theorem (6.4), we conclude that ∀u⋆ ∈ ℵΦ(Ω),
∃h0 and Cl satisfying

‖‖u⋆ − nu
⋆‖‖L∞(Ω) ⩽ Clh

l
 ,Ω|u⋆|ℵΦ(Ω), (40)

for all t ∈ Ω, provided h ,Ω ≤ h0(l).

Using the error bound from (37), we also obtain

‖‖u⋆ −mu
⋆‖‖L∞(Ω)

≤ Cm
L2m

sup
t∈Ω

|||u⋆(2m)(t)
|||. (41)

This implies thatmu
⋆ →u⋆ asm→∞.

By Theorem (31), we deduce:

‖‖ūn − u⋆‖‖L∞(Ω)
≤ 𝜌1

(‖‖u⋆ −mu
⋆‖‖L∞(Ω)

+ 𝜌2Clh
l
 ,Ω‖‖u⋆‖‖ℵ𝜙(Ω)

)
.

Finally, using (40) and (41), we conclude:

‖‖ûn − u⋆‖‖L∞(Ω)
→ 0, as n→∞.

□

Now, we turn to the analysis of the error estimation of

the proposed method for the non-linear case.

Let us consider the abstract form of the Eq. (2) in the

following way:

u = u+ G,

with the integral operator  : C(Ω)→ C(Ω) is expressed by

u(t) = t

Γ(𝛼 )

1

∫
0

(t − xt)𝛼−1
⎡⎢⎢⎣a1(xt)u(xt)+ a2(xt)u(𝜐xt)

+ a3(xt)xt

1

∫
0

K1(xt, xtq)G1(u(xtq))dq

+ a4(xt)𝜐xt

1

∫
0

K2(xt, 𝜐xtr)G2(u(𝜐xtr))dr

⎤⎥⎥⎦dx.
(42)

Subsequently, the system related to the collocation

method corresponds to the abstract form(
I − n)un = nG. (43)

By applying the quadrature formula to the coefficients{
𝜆
ri
ki

}
, i = 1,… , 3 and weights

{
w̃ki

}
, i = 1,… , 3, we

introduce the operators n defined by

nu(t) =
t

Γ(𝛼 )

L∑
r1=1

m∑
k1=1

w̃k1

(
t − 𝜆

r1
k1
t
)𝛼−1

×
(
a1

(
𝜆
r1
k1
t
)
u
(
𝜆
r1
k1
t
)

+ a2

(
𝜆
r1
k1
t
)
u
(
𝜐𝜆

r1
k1
t
)

+ a3

(
𝜆
r1
k1
t
)
𝜆
r1
k1
t

L∑
r2=1

m∑
k2=1

w̃k2

× K1

(
𝜆
r1
k1
t, 𝜆

r1
k1
t𝜆

r2
k2

)
G1

(
u
(
𝜆
r1
k1
t𝜆

r2
k2

))

+ a4

(
𝜆
r1
k1
t
)
𝜐𝜆

r1
k1
t

L∑
r3=1

m∑
k3=1

w̃k3

× K2

(
𝜆
r1
k1
t, 𝜐𝜆

r1
k1
t𝜆

r3
k3

)
G2

(
u
(
𝜐𝜆

r1
k1
t𝜆

r3
k3

)))
.

(44)
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By using (11) and (44), we can rewrite (30) in the form

of an operator as follows(
I − nn

)
ûn = nG. (45)

Consider n, the operator described as follows

nu = nu+ nG.

Then, (43) can be written as

un = nun.

Let’s also assume that ̂n is the operator given by

̂nu = nnu+ nG.

Then (45) can be written as

ûn = ̂nûn.

The error analysis of the presented scheme can be

obtained by applying the theorem from Vainikko [32].

Theorem 6.8 ([32]). Consider an open setΩwithin a Banach

space , where the continuous operators Q and Q̃ are defined.
Suppose the equation

u = Q̃u

admits an isolated solution ũ0 inΩ, and the following condi-
tions hold:

(a) The operator Q is Fréchet differentiable in a neighbor-

hood of ũ0, and the linear operator I − Q′(ũ0 ) is continuously

invertible.

(b) There exist constants 𝜂 > 0 and 0 < 𝜌 < 1 such

that certain inequalities hold, where 𝜂 is chosen sufficiently

small to ensure that the sphere ‖‖u− ũ0
‖‖ ≤ 𝜂 remains within

Ω.

sup‖u−ũ0‖≤𝜂
‖‖‖( I − Q′(ũ0))−1(Q′(u)− Q′(ũ0))‖‖‖ ≤ 𝜌, (46)

x = ‖‖‖(I − Q′(ũ0))−1(Q(ũ0)− Q̃
(
ũ0
))‖‖‖ ≤ 𝜂(1− 𝜌), (47)

therefore the equation u = Qu has a unique solution u0 in

the sphere ‖‖u− ũ0
‖‖ ≤ 𝜂. Furthermore, the inequality

x

1+ 𝜌
≤ ‖‖u0 − ũ0

‖‖ ≤ x

1− 𝜌
,

is valid.

Theorem 6.9. Consider an isolated solution u0 ∈ C[0, 1] of

the equation

u = u+ G.

Suppose that the linear operator ′(u0 ) does not have 1 as

an eigenvalue. Then, for a large n, the inverse of the operator

(
I − ̂′

n
(u0 )

)
exists, and there exists a constantN > 0, inde-

pendent of n, such that

‖‖‖‖
(
I − ̂′

n
(u0 )

)−1‖‖‖‖ ≤ N .

The subsequent theorem establishes the necessary conditions

for the existence of an approximate solution ûn near u0.

Theorem 6.10. Let u0 ∈ C([0, 1] × [0, 1]) be an isolated

solution of

u = u+ G.

Assume that n represents an interpolatory projection and

that the linear operator ′(u0 ) does not have 1 as an eigen-

value. Then, for a large n, a unique approximate solution ûn
to (45) exists in the ball

B(u0, 𝜂 ) =
{
u : ‖‖u− u0

‖‖ ≤ 𝜂
}
,

for some 𝜂 > 0. Moreover, ∃0 < 𝜌 < 1 that remains inde-

pendent of n, ensuring that

yn
1+ 𝜌

≤ ‖‖u0 − ûn
‖‖ ≤ yn

1− 𝜌
,

where

yn =
‖‖‖‖
(
I − ̂′

n
(u0 )

)−1(̂n(u0 )−(u0 )
)‖‖‖‖.

Proof. Theorem (6.9) assures us that
(
I − ̂′

n

(
u0
))−1

exists

and is uniformly bounded, which means that there is a

constant N > 0 so that

‖‖‖‖
(
I − ̂′

n

(
u0
))−1‖‖‖‖ ≤ N .

Furthermore, according to the uniformboundedness princi-

ple for RBF, it follows that ‖‖n
‖‖ ≤ 𝜅, andMoreover, we have‖‖ ′

n
‖‖ ≤ 𝛾 for all u ∈ B

(
u0, 𝜂

)
hence

‖‖‖̂′
n
(u)− ̂′

n

(
u0
)‖‖‖ = ‖‖n ′

n
u− n ′

n
u0
‖‖

≤ ‖‖n
‖‖‖‖ ′

n
u−  ′

n
u0
‖‖ ≤ 𝜅𝛾𝜂.

Thus, we have

sup‖u−ũ0‖≤𝜂,
‖‖‖‖
(
I − ̂′

n

(
u0
))−1(̂′

n
(u)− ̂′

n

(
u0
))‖‖‖‖

≤ N𝜅𝛾𝜂 ≤ 𝜌,

with 0 < 𝜌 < 1, demonstrates the relation (46) of

theorem (6.8) for 𝜂 small enough. In addition, it yields
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yn =
‖‖‖‖
(
I − ̂′

n

(
u0
))−1(̂n

(
u0
)
−(u0))‖‖‖‖

≤ ‖‖‖‖
(
I − ̂′

n

(
u0
))−1‖‖‖‖‖‖‖̂n

(
u0
)
−(u0)‖‖‖

≤ N
‖‖‖̂n

(
u0
)
−(u0)‖‖‖.

Now, we want to prove that
‖‖‖̂n

(
u0
)
−(u0)‖‖‖→ 0 as

n→∞. We have

‖‖‖̂n

(
u0
)
−(u0)‖‖‖ = ‖‖nnu0 + nG− u0 − G‖‖

= ‖‖nnu0 + nG− u0 − G

+ n

(u0 + G
)
− n

(u0 + G
)‖‖‖

≤ ‖‖n{nu0 + G− u0 − G}‖‖
+ ‖‖‖(n − I

)(u0 + G
)‖‖‖

≤ 𝜅‖‖n − ‖‖‖‖u0‖‖+ ‖‖nu0 − u0
‖‖

→ 0 when n→∞.

(48)

Let n be large enough, we have yn ≤ 𝜂(1 − 𝜌). Conse-

quently, relation (47) of theorem (6.8) is fulfilled. Using

theorem (6.8), it follows that

yn
1+ 𝜌

≤ ‖‖ûn − u0
‖‖ ≤ yn

1− 𝜌
.

The proof is complete. □

Theorem 6.11. Consider u0 ∈ ℵΦ(Ω) as an isolated solu-

tion of (25) and ûn be the RBFs collocation estimate of u0.

Hence, for the inverse multiquadrics (IMQ), we have

‖‖ûn − u0
‖‖L∞(Ω) ≤ N𝜅

1− 𝜌
‖‖nu0 − u0‖‖L∞(Ω)

+ N

1− 𝜌
e

(
− c

h ,Ω

)‖‖u0‖‖ℵΦ(Ω).

In the same way, we get for the Gaussians (GA)

‖‖ûn − u0
‖‖L∞(Ω) ≤ N𝜅

1− 𝜌
‖‖nu0 − u0‖‖L∞(Ω)

+ N

1− 𝜌
e

−c| log h ,Ω |
h ,Ω ‖‖u0‖‖ℵΦ(Ω)

.

Proof. According to theorem (6.10), we obtain

‖‖ûn − u0
‖‖ ≤ yn

1− 𝜌
.

Using remark (6.5), theorem (6.9) and estimation (48), we

obtain the following results

‖‖ûn − u0
‖‖L∞(Ω)

≤ yn
1− 𝜌

=

‖‖‖‖
(
I − ̂′

n

(
u0
))−1(̂n

(
u0
)
−(u0))‖‖‖‖L∞(Ω)

1− 𝜌

≤ N

1− 𝜌

‖‖‖̂n

(
u0
)
−(u0)‖‖‖L∞(Ω)

≤ N

1− 𝜌
‖‖n

‖‖L∞(Ω)
‖‖n − ‖‖L∞(Ω)

× ‖‖u0‖‖L∞(Ω) +
N

1− 𝜌
‖‖nu0 − u0

‖‖L∞(Ω)

≤ N𝜅

1− 𝜌
‖‖n − ‖‖L∞(Ω)

‖‖u0‖‖L∞(Ω)

+ N

1− 𝜌
e

−c| log h ,Ω |
h ,Ω ‖‖u0‖‖ℵΦ(Ω).

Likewise, for (IMQ), we obtain

‖‖ûn − u0
‖‖L∞(Ω) ≤ N𝜅

1− 𝜌
‖‖nu0 − u0‖‖L∞(Ω)

+ N

1− 𝜌
e

(
− c

h ,Ω

)‖‖u0‖‖ℵΦ(Ω).

□

7 Numerical experiments

We dedicate this section to present numerical experiments.

The objective is to demonstrate the effectiveness and accu-

racy of the proposed method in solving (1) and (2). Addi-

tionally, a comparative analysis is conducted by evaluating

the performance of our approach against well-established

numerical techniques. The numerical tests involve the use

of three radial basis functions (RBFs): Gaussian (GA), multi-

quadric (MQ), and inverse multiquadric (IMQ).

To further validate the applicability of the proposed

method, we compare the computational results with both

the analytical solution and the MLS approach docu-

mented in [33]. The numerical implementation of the MLS

method is carried out using polynomial basis functions

of linear (m = 1), quadratic (m = 2), and cubic (m = 3)

degrees, alongwithGaussianweight functions. Additionally,

for numerical integration, the five-point Gauss-Legendre

quadrature formula is utilized.

The accuracy of the numerical approximations is quan-

tified by evaluating themaximum andmean errors, defined

as follows:

‖en‖2 = ⎛⎜⎜⎝
1

∫
0

|e(t)|2dt⎞⎟⎟⎠
1

2

,

‖en‖∞ = max
t∈[0,1]

|e(t)|,
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where

e(t) = u(t)− ûn(t).

Here, u(t) represents the Analytical solution, while ûn(t)

corresponds to the numerical solution obtained using our

proposed method.

All computations were executed on a Core(TM) i3-

6006U CPU@ 2.00 GHz with 4 GB RAM. The implementation

was performed using Matlab and Maple software, with a

precision setting of 20 digits. The execution of all computa-

tions was performed under the default machine optimiza-

tion settings without parallelization.

7.1 Class of linear FDIDEs

Example 7.1. Let be the equation:

⎧⎪⎨⎪⎩
D𝛼u(t) = f (t)+ 1

18
u(t)+ u(𝜃(t))+ ∫

t

0

et+s

4
su(s)ds+ ∫

𝜃(t)

0

𝜏 + t

2
u(𝜏 )d𝜏,

u(0) = 1,

(49)

where 𝛼 = 1, 𝜃(t) = 3

4
sin(t), and the forcing term is given

by

f (t) = (36t + 27 sin(t)− 36)e−
3 sin( t )

4

72
− tet

4
− t

2

− 19e−t

18
− 1

2
.

For this case, the analytical solution is u(t) = e−t.

Table 1 presents the results obtained using the error

metric ‖e‖∞. According to the convergence study discussed
in Remark (6.5), the numerical approximations exhibit con-

vergence towards the analytical solution as the number of

data points increases.

To further assess the performance of the proposed

scheme, we tackle the Example 7.1 by employing the

Table 1: Error ‖e‖∞ for 𝛼 = 1 and 𝜃(t ) = 3

4
sin(t ) for Example 7.1 by the

RBF.

GA (c= 2) IMQ (c= 2)

n ‖e‖∞ ‖e‖∞
6 1.4 × 10−3 1.6 × 10−4

9 1.3 × 10−5 1.4 × 10−6

12 5.5 × 10−8 1.1 × 10−8

15 1.7 × 10−10 7.8 × 10−11

Table 2: ‖e‖∞ for Example 7.1 via MLS method for 𝛼 = 1

and 𝜃(t ) = 3

4
sin(t ).

n m= 1 m= 2 m= 3

4 1.2 × 10−3 4.0 × 10−4 1.2 × 10−4

8 1.3 × 10−4 3.3 × 10−5 1.9 × 10−6

12 7.4 × 10−6 2.2 × 10−6 2.3 × 10−7

16 1.1 × 10−6 1.5 × 10−7 8.7 × 10−9

20 5.3 × 10−7 2.1 × 10−8 2.9 × 10−9

MLS technique and summarize the numerical outcomes in

Table 2. The estimated error for the RBF method is reported

in Table 3.

Figures 1 and 2 provide the results across the domain

[0, 1]. In Figure 3, a semi-logarithmic plot compares the com-

putational accuracy of the proposed technique against the

MLS method. The high accuracy achieved by the proposed

scheme is evident from these visual representations.

Furthermore, Figure 4 displays both the exact and

numerically computed solutions. The computed results

obtained confirm the robustness and precision of the RBF

method for this class of problems.

Example 7.2. Consider the problem [11, 13]

⎧⎪⎨⎪⎩
D𝛼u(t) = f (t)− t2et

5
u(t)− (𝜐t)2

5
u(𝜐t)+ ∫

t

0

etsu(s)ds+ ∫
𝜐t

0

𝜏u(𝜏 )d𝜏,

u(0) = 0,

(50)
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Table 3: RBF (MQ) error for Example 7.1.

(𝜶 = 1, 𝜽(t) = 3

4
sin(t), n= 18 and c= 2)

t Analytical solution Approximate solution ∣e(t)∣

0.1 0.90483741803595957 0.904837418035956846 2.72 × 10−15

0.2 0.81873075307798185 0.818730753077965546 1.63 × 10−14

0.3 0.74081822068171786 0.740818220681713648 4.21 × 10−15

0.4 0.67032004603563930 0.670320046035666377 2.70 × 10−14

0.5 0.60653065971263342 0.606530659712591494 4.19 × 10−14

0.6 0.54881163609402643 0.548811636094059365 3.29 × 10−14

0.7 0.49658530379140951 0.496585303791407721 1.79 × 10−15

0.8 0.44932896411722159 0.449328964117174165 4.74 × 10−14

0.9 0.40656965974059911 0.406569659740579631 1.94 × 10−14

1 0.36787944117144232 0.367879441172034347 5.92 × 10−13

in which the analytical solution is u(t) = t3 and 𝜐 = 1

2
.

In this problem

f (t) =
⎧⎪⎨⎪⎩

6t2.25

Γ(3.25) , for 𝛼 = 0.75,

6t2

Γ(3) , for 𝛼 = 1.

Table 4 displays the solutions for different values of n,

computed using the error norms ‖‖en‖‖2 and ‖e‖∞. As pre-
dicted by the theoretical findings in Remark (6.5), increasing

the number of data nodes leads to a progressive refinement

of the approximations, steadily converging to the exact

values.

For comparative purposes, we tackled Example 7.2

by the MLS method, with the corresponding numerical

outcomes presented in Table 5. The estimated errors for

the RBF approach are summarized separately in Table 6.

Furthermore, Table 7 contrasts themaximumabsolute error

obtained by ourmethodwith that reported in [12], under the

parameter settings 𝜐 = 1 and 𝛼 = 0.75.

The error across the interval [0,1] is depicted in

Figures 5 and 6, offering a visual assessment of accuracy.

Additionally, the computational accuracy of Example 7.2,

employing both the proposed method and the MLS

approach, is illustrated in a semi-logarithmic plot in

Figure 7, providing insight into precision differences

between the two techniques.

To further demonstrate the effectiveness of our

approach, Figure 8 presents a direct comparison between

the analytical solution and the numerically estimated

values. The high level of agreement observed reinforces

the validity and accuracy of the RBF. The overall numerical

results confirm that this approach is both efficient and

reliable for solving the given problem.

Figure 1: The error |e(t)| for Example 7.1 using the proposed approach.
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Figure 2: The absolute error for Example 7.1.

Figure 3: |e(t)| for several values of n for Example 7.1 for 𝛼 = 1 and 𝜃(t ) = 3

4
sin(t ).

Example 7.3. We deal in this example with the problem

reported in [34]

⎧⎪⎨⎪⎩
D𝛼u(t) = 1

2
− t

4
e

t

4 + t2

32
− e3t

2
+ e2t + 1

2
u(t)+ u

(
t

4

)
+ ∫

t

0

et+su(s)ds+ ∫
t

4

0

𝜏u(𝜏 )d𝜏,

u(0) = 0,

(51)
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Figure 4: The analytical and RBF solutions of Example 7.1 for 𝛼 = 1

and 𝜃(t ) = 3

4
sin(t ).

For this problem, the analytical solution is

u(t) = et − 1 when 𝛼 = 1.

To assess the accuracy and efficiency of the proposed

methodology, numerical experiments were conducted, with

errors measured using the norms ‖‖en‖‖2 and ‖e‖∞ for vari-

ous values of n. The corresponding results are provided in

Table 8.

For comparative analysis, Example 7.3 is also solved

using the MLS technique, and the numerical results for

this alternative method are recorded in Table 9. Addition-

ally, Table 10 presents a comparison of the maximum abso-

lute error obtained by our approach against error values

reported in prior studies. The estimated error associated

with the RBF method is detailed separately in Table 11.

Figures 9 and 10 illustrate the absolute error

distribution over the domain [0,1], providing insight into

the accuracy of the numerical solutions. To further evaluate

precision, Figure 11 depicts a semi-logarithmic plot

comparing the computational performance of the proposed

technique with that of the MLS method in solving

Example 7.3.

Table 5: ‖e‖∞ for Example 7.2 via MLS method for 𝛼 = 1 and 𝜐 = 1

2
.

n m= 1 m= 2

4 1.3 × 10−2 5.2 × 10−3

8 1.4 × 10−3 3.3 × 10−4

12 7.3 × 10−5 2.3 × 10−5

16 7.0 × 10−6 1.6 × 10−6

20 1.7 × 10−6 2.6 × 10−7

Table 6: The RBF (MQ) error for Example 7.2.

(𝜶 = 1, 𝝊 = 1

2
, n= and c= 2)

t Analytical solution Approximate solution ∣e(t)∣

0.1 0.001000000000 0.00100000000047 4.77 × 10−13

0.2 0.008000000000 0.00799999999947 5.23 × 10−13

0.3 0.027000000000 0.02700000000029 2.99 × 10−13

0.4 0.064000000000 0.06399999999994 5.15 × 10−14

0.5 0.125000000000 0.12500000000012 1.20 × 10−13

0.6 0.216000000000 0.21599999999995 4.39 × 10−14

0.7 0.343000000000 0.34300000000021 2.11 × 10−13

0.8 0.512000000000 0.51199999999940 5.98 × 10−13

0.9 0.729000000000 0.72900000000115 1.15 × 10−12

1 1 0.99999999997110 2.88 × 10−11

Finally, Figure 12 presents a direct comparison between

the analytical solution and the numerical approximation.

The close agreement between these solutions underscores

the reliability and effectiveness of the proposed approach.

Overall, the numerical findings reinforce that this method-

ology offers both high precision and computational effi-

ciency for solving the given problem.

Example 7.4. This example is from [34]

⎧⎪⎪⎪⎨⎪⎪⎪⎩

D𝛼u(t) = u(t)− 1

2
ln
(
1+ t

2

)
u
(
t

2

)
+ 1

1+ t
− ln(1+ t)

(
t

2
ln(1+ t)+ 1

)
+∫

t

0

t

1+ s
u(s)ds+ ∫

t

2

0

1

1+ s
u(s)ds,

u(0) = 0,

(52)

Table 4: Estimated errors ‖e‖ and ‖e‖∞ for 𝛼 = 1 and 𝜐 = 1

2
for Example 7.2 by applying the current methodology.

Gaussians (c= 2) Gaussians (c= 2) Inverse multiquadrics (c= 2) Inverse multiquadrics (c= 2) Multiquadrics (c= 2)

n ‖e‖∞ ‖e‖ ‖e‖∞ ‖e‖ ‖e‖∞
5 1.6 × 10−2 2.5 × 10−3 2.6 × 10−3 3.8 × 10−4 8.0 × 10−4

10 8.2 × 10−6 7.2 × 10−7 1.6 × 10−6 1.4 × 10−7 5.5 × 10−7

15 4.9 × 10−10 3.0 × 10−11 2.1 × 10−10 1.2 × 10−11 2.8 × 10−11
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Table 7: The absolute error for Example 7.2 with 𝛼 = 0.75 and 𝜐= 1.

J N Ref [12] (E
c
(N)) n Our method (inverse multiquadrics (c = 7)) Our method (multiquadrics (c = 7))

1 4 7.10 × 10−3 4 4.75 × 10−3 3.05 × 10−3

Figure 5: The error |e(t)| for Example 7.2 using the proposed approach.

Figure 6: Absolute error of Example 7.2.
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Figure 7: |e(t)| for 𝛼 = 1 and for snumerous numbers of n for Example 7.2.

Figure 8: The analytical and RBF solutions of Example 7.2 for 𝛼 = 1.

The analytical solution in this case is u(t) = ln(1+ t)

when 𝛼 = 1. Table 12 showcases the solutions computed

using the error norm ‖‖en‖‖∞.
To facilitate a comparative analysis, Example 7.4 is also

solved utilizing the MLS technique, with the correspond-

ing numerical findings summarized in Table 13. Further-

more, Table 14 provides a comparative assessment of the

maximum absolute error obtained by our approach against

those reported for alternative techniques in the existing

literature. The estimated errors associated with the RBF

method are compiled in Table 15.

The absolute error function across the domain [0,1]

is graphically represented in Figures 13 and 14, offering a

visual insight into the error behavior. Additionally, Figure 15

illustrates the computational accuracy of Example 7.4 by

comparing the performance of the proposed methodology

with the MLS approach, presented in a semi-logarithmic

format.

Lastly, Figure 16 depicts a direct comparison between

the analytical solution and the numerical approximation,

highlighting the high degree of accuracy achieved by the

suggested technique. The results obtained for this class of

problems affirm the effectiveness and precision of the pro-

posed approach.

7.2 Class of nonlinear FDIDEs

Example 7.5. Consider the problem

⎧⎪⎪⎨⎪⎪⎩
D𝛼u(t) = f (t)+ u(𝜃(t))+

t

∫
0

K1(t, s)G1(u(s))ds+
𝜃(t )

∫
0

K2(t, 𝜏 )G2(u(𝜏 ))d𝜏,

u(0) = 1,

(53)

in which 𝛼 = 1, 𝜃(t) = 3

5
t, G1(u) = eu, G2(u) = u2,

K1(t, s) = t, K2(t, 𝜏) = t𝜏 , f (t) = − erfi(t2)
√
𝜋t

4
−

2187
(
t7+ 3125

27
t− 7812500

2187

)
t3

1953125
and the analytical solution is u(t) = t4.
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Table 8: Error ‖e‖∞ for Example 7.3 using the proposed approach.

Gaussians (c= 2) Gaussians (c= 2) Inverse multiquadrics (c= 3) Multiquadrics(c= 2)

n ‖e‖ ‖e‖∞ ‖e‖∞ ‖e‖∞
3 3.2 × 10−2 1.5 × 10−1 2.1 × 10−2 1.8 × 10−2

5 1.9 × 10−3 1.3 × 10−2 5.8 × 10−4 7.2 × 10−4

7 8.0 × 10−5 6.9 × 10−4 1.3 × 10−5 2.6 × 10−5

9 2.5 × 10−6 2.6 × 10−5 2.7 × 10−7 9.7 × 10−7

11 6.4 × 10−8 7.9 × 10−7 5.6 × 10−9 3.5 × 10−8

Table 9: ‖e‖∞ for Example 7.3 with several values ofm, n using MLS

method.

n m= 1 m= 2 m= 3

5 8.0 × 10−3 1.9 × 10−4 1.8 × 10−4

10 1.9 × 10−5 1.5 × 10−5 1.5 × 10−6

15 8.6 × 10−6 5.4 × 10−7 5.6 × 10−8

Table 16 presents the numerical results obtained for

various values of n, evaluated using the norm ‖e‖∞. These
values provide insight into the accuracy and convergence

behavior of the proposed approach.

To further analyze the error characteristics, Table 17

displays the estimated errors associated with the RBF

method. Additionally, Figures 17 and 18 illustrate the abso-

lute error distribution across the interval [0,1], visually

demonstrating how the error evolves over the domain.

For a comparative assessment of computational preci-

sion, Figure 19 presents a semi-logarithmic plot that juxta-

poses the performance of the outlined technique with the

MLSmethod in solving Example 7.5. The graphical represen-

tation highlights the numerical stability and efficiency of the

proposed scheme.

Moreover, Figure 20 provides a direct comparison

between the analytical solution and the numerically com-

puted approximation, further reinforcing the accuracy of

the methodology.

Overall, the numerical findings presented here validate

the reliability and effectiveness of the proposed approach

for addressing this class of problems. The high degree of

Table 11: Estimate of RBF error (IMQ) for Example 7.3.

(𝜶 = 1, n= 13, and c= 5)

T Analytical solution Approximate solution ∣e(t)∣

0.1 0.10517091807564 0.105170918075714 6.63 × 10−14

0.2 0.22140275816016 0.221402758160192 2.21 × 10−14

0.3 0.34985880757600 0.349858807576051 4.78 × 10−14

0.4 0.49182469764127 0.491824697641339 6.86 × 10−14

0.5 0.64872127070012 0.648721270700172 4.38 × 10−14

0.6 0.82211880039050 0.822118800390534 2.50 × 10−14

0.7 1.01375270747047 1.013752707470560 8.34 × 10−14

0.8 1.22554092849246 1.225540928492570 1.02 × 10−13

0.9 1.45960311115694 1.459603111157017 6.73 × 10−14

1 1.71828182845904 1.718281828458312 7.33 × 10−13

precision observed across the tests confirms that the

method is not only computationally efficient but also robust

in delivering accurate solutions.

Example 7.6. Consider the problem

⎧⎪⎪⎨⎪⎪⎩
D𝛼u(t) = f (t)+ u(𝜃(t))+ ∫

t

0

K1(t, s)G1(u(s))ds+ ∫
𝜃(t )

0

K2(t, 𝜏 )G2(u(𝜏 ))d𝜏,

u(0) = 1,

(54)

in which 𝛼 = 1

10
, 𝜃(t) = 1

5
arctan(t), G1(u) = u2,

G2(u) = u2, K1(t, s) = sin(s), K2(t, 𝜏) = t𝜏 , and f (t) is

defined such that the analytical solution is u(t) = t3.

Table 10:MAE error for Example 7.3.

N Ref [35]MAEs M Ref [36]MAEs m Ref [37]MAEs M Ref [34]MAEs n Our approach (MQ) (c= 7)

20 5.72 × 10−6 6 1.68 × 10−7 5 2.63 × 10−6 10 4.50 × 10−10 10 1.21 × 10−11

40 2.20 × 10−8 8 1.10 × 10−10 6 1.94 × 10−6 12 1.42 × 10−10 11 6.27 × 10−12
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Figure 9: The error |e(t)| for Example 7.3 using the proposed approach.



24 — E. Aourir et al.: On the existence and the approximation of solutions

Figure 10: Absolute error of Example 7.3.

Figure 11: |e(t)| for 𝛼 = 1 and for multiple selections of n for Example 7.3.
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Figure 12: The analytical and RBF solution of Example 7.3.

Table 12: Error ‖e‖∞ for Example 7.4 using the proposed approach.

Gaussians

(c = 2)

Multiquadrics

(c = 2)

Inverse

multiquadrics(c = 3)

n ‖e‖∞ ‖e‖∞ ‖e‖∞
4 2.3 × 10−2 2.0 × 10−3 1.8 × 10−3

8 7.4 × 10−5 6.4 × 10−6 3.1 × 10−6

12 8.5 × 10−8 1.8 × 10−8 4.9 × 10−9

16 6.3 × 10−11 5.1 × 10−11 7.9 × 10−12

Table 13: ‖e‖∞ for Example 7.4 with several values ofm, n using MLS

method.

n m= 1 m= 2 m= 3

5 2.1 × 10−3 1.7 × 10−5 1.7 × 10−5

10 5.5 × 10−6 4.7 × 10−6 3.3 × 10−6

15 2.1 × 10−6 2.0 × 10−7 1.7 × 10−8

20 4.1 × 10−7 2.4 × 10−8 6.1 × 10−9

Table 15: Estimate of RBF error (GA) of Example 7.4.

(𝜶 = 1, n= 20 and c= 2)

t Analytical solution Approximate solution ∣e(t)∣

0.1 0.09531017980432 0.0953101798043255 6.39 × 10−16

0.2 0.18232155679395 0.1823215567939541 5.26 × 10−16

0.3 0.26236426446749 0.2623642644674941 3.04 × 10−15

0.4 0.33647223662129 0.3364722366212150 2.06 × 10−15

0.5 0.40546510810816 0.4054651081081617 2.68 × 10−15

0.6 0.47000362924573 0.4700036292457388 3.24 × 10−15

0.7 0.53062825106217 0.5306282510621801 9.70 × 10−15

0.8 0.58778666490211 0.5877866649021242 5.19 × 10−15

0.9 0.64185388617239 0.6418538861723981 3.32 × 10−15

1 0.69314718055994 0.6931471805599073 3.80 × 10−14

Table 18 presents the numerical results obtained for

various values of n, evaluated using the error norm ‖e‖∞.
These results offer valuable insights into the accuracy and

convergence of the proposed method as the number of data

points increases.

To further assess the error behavior, Table 19 provides

the estimated errors associated with the RBF approach,

offering a quantitative measure of the approximation qual-

ity. Additionally, Figure 21 illustrates the computational

precision of Example 7.6, comparing the performance of

the proposed technique with that of the MLS method in

a semi-logarithmic format. This comparison underscores

the numerical stability and effectiveness of the outlined

methodology.

Furthermore, Figure 22 visually contrasts the

analytical solution with the estimated numerical

approximation. The high degree of agreement between

these solutions further validates the effectiveness of the

method.

Overall, the numerical findings presented here

confirm the robustness, reliability, and precision of the

proposed technique in solving this class of problems.

The accuracy observed across the computational

experiments highlights the method’s efficiency and

its suitability for obtaining highly precise numerical

solutions.

Table 14: The comparative evaluation of the greatest absolute error for the Example 7.4.

M Ref [35]MAEs M Ref [34]MAEs n Our method(IMQ (c = 6)) Our method(MQ (c = 6))

10 1.11 × 10−4 10 5.17 × 10−8 10 3.29 × 10−8 3.04 × 10−8

40 6.26 × 10−9 12 2.50 × 10−9 12 1.09 × 10−9 8.39 × 10−10
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Figure 13: The error |e(t)| for Example 7.4 using the proposed approach.
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Figure 14: The absolute error for Example 7.4.

Figure 15: |e(t)| for several values of n for Example 7.4.
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Figure 16: The analytical and RBF solution of Example 7.4.

Table 16: Errors ‖e‖∞ and ‖e‖ for 𝛼 = 1

10
and 𝛼 = 1 and 𝜃(t ) = 3

5
t

for Example 7.5 using the proposed approach.

IMQ (c= 2) IMQ (c= 2) GA (c= 2) GA (c= 2)

n ‖e‖∞ ‖e‖ ‖e‖∞ ‖e‖
4 3.5 × 10−2 6.1 × 10−3 9.9 × 10−2 1.7 × 10−2

8 7.5 × 10−5 7.7 × 10−6 3.8 × 10−4 3.9 × 10−5

12 1.1 × 10−7 8.8 × 10−8 3.9 × 10−7 2.9 × 10−8

15 1.3 × 10−9 8.4 × 10−11 1.7 × 10−9 1.0 × 10−10

Table 17: RBF error estimate (MQ) of Example 7.5.

(𝜶 = 1, 𝜽(t) = 3

5
t, n= 15 and c= 2)

t Analytical solution Approximate solution ∣e(t)∣

0.1 0.0001000000000000 0.000099999991890 8.10 × 10−12

0.2 0.0016000000000000 0.001600000010276 1.02 × 10−11

0.3 0.0081000000000000 0.008099999994418 5.58 × 10−12

0.4 0.0256000000000000 0.025599999999051 9.48 × 10−13

0.5 0.0625000000000000 0.062500000001458 1.45 × 10−12

0.6 0.1296000000000000 0.129599999991125 8.87 × 10−12

0.7 0.2401000000000000 0.240100000025167 2.51 × 10−11

0.8 0.4096000000000000 0.409599999928336 7.16 × 10−11

0.9 0.6561000000000000 0.656100000077385 7.73 × 10−11

1 1 0.999999998695804 1.30 × 10−9

Figure 17: The error |e(t)| for Example 7.5 using the proposed approach.
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Figure 18: The absolute error for Example 7.5.

Figure 19: |e(t)| for a number of selected values of n for Example 7.5 for 𝛼 = 1 and 𝜃(t ) = 3

5
t.
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Figure 20: The RBF and analytical solution of Example 7.5 for 𝛼 = 1

and 𝜃(t ) = 3

5
t.

Table 18: Error ‖e‖∞ for 𝛼 = 1

10
and 𝜃(t ) = 1

5
arctan(t ) for Example 7.6

by applying the suggested methodology.

GA (c= 2) IMQ (c= 2)

n ‖e‖∞ ‖e‖∞
5 3.4 × 10−2 3.2 × 10−3

8 8.1 × 10−4 1.9 × 10−4

11 2.0 × 10−5 1.6 × 10−5

14 6.8 × 10−6 6.5 × 10−6

Figure 21: |e(t)| for a number of selected values of n for Example 7.6 for 𝛼 = 1

10
and 𝜃(t ) = 1

5
arctan(t ).
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Table 19: RBF (GA) error estimation for Example 7.6.

(𝜶 = 1

10
, 𝜽(t) = 1

5
arctan(t), n= 15 and c= 2)

t Analytical solution Approximate solution ∣e(t)∣

0.1 0.00100000000 0.00099999575 4.24 × 10−9

0.2 0.00800000000 0.00799996602 3.39 × 10−8

0.3 0.02700000000 0.02699988529 1.14 × 10−7

0.4 0.06400000000 0.06399972775 2.72 × 10−7

0.5 0.12500000000 0.12499946638 5.33 × 10−7

0.6 0.21600000000 0.21599907029 9.29 × 10−7

0.7 0.34300000000 0.34299849965 1.50 × 10−6

0.8 0.51200000000 0.51199769545 2.30 × 10−6

0.9 0.72900000000 0.72899656174 3.43 × 10−6

1 1 0.99999492898 5.07 × 10−6

Figure 22: The RBF and analytical solution of Example 7.6 for 𝛼 = 1

10

and 𝜃(t ) = 1

5
arctan(t ).

8 Conclusions

This paper has presented an efficient computational

methodology to address fractional delay-integro-

differential equations (FDIDEs) characterized by vanishing

variable delays. Using radial basis function (RBF)

approximations over scattered points, we established a

collocation framework that does not require an underlying

mesh structure. This feature thereby offers a flexible and

mesh-free approach to numerical problem-solving. The

Gauss-Legendre integration rule was used to discretize

the integral components within the equations. A rigorous

error analysis was conducted. After numerical tests,

the developed scheme has a strong convergence rate.

Particularly, we tested it on various numerical examples,

all of which demonstrated high accuracy and efficiency.

Furthermore, comparative assessments with the MLS

collocation method reaffirmed the superior precision

and reduced computational complexity of our proposed

scheme.

Despite its efficiency, the methodology has some inher-

ent challenges. A significant limitation of the RBF-based

approach is its sensitivity to the selection of the shape

parameter. This choice has a direct impact on both accu-

racy and stability. Identifying an optimal shape parame-

ter remains an open problem that requires further explo-

ration. Additionally, while the scheme exhibits robustness

for problems involving vanishing variable delays, its perfor-

mancewhen applied to delay functionswith abrupt changes

or discontinuities remains to be fully examined. Another

potential drawback is the computational complexity of high-

dimensional cases. Such case may need adaptive strategies

or domain decomposition techniques tomaintain efficiency.

To advance this research, one can explore more research

directions. In fact, future efforts could focus on develop-

ing automated or data-driven methods for optimal shape

parameters. This perspective can improve accuracy and

stability. Furthermore, extending the current framework

to handle FDIDEs with complex boundary conditions or

irregular domains would further enhance its applicability.

Additionally, integrating machine learning techniques for

intelligent collocation point selection could yield signifi-

cant improvements in computational efficiency. Lastly, par-

allelization and high-performance computing implementa-

tions should be explored to scale the method for large-scale

scientific and engineering applications.
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