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This paper presents a third order of accuracy stable difference scheme for the approximate solution of multipoint nonlocal boundary
value problem of the hyperbolic type in a Hilbert space with self-adjoint positive definite operator. Stability estimates for solution

of the difference scheme are obtained. Some results of numerical experiments that support theoretical statements are presented.

1. Introduction

Hyperbolic partial differential equations (PDEs) are of grow-
ing interest in several areas of engineering and natural
sciences such as acoustic, electromagnetic, hydrodynamic,
elasticity, fluid mechanics, and other areas of physics (see,
e.g., [1-5] and the references given therein). In some cases,
classical boundary conditions cannot describe process or
phenomenon precisely. Therefore, mathematical models of
various physical, chemical, biological, or environmental pro-
cesses often involve nonclassical conditions. Such conditions
are usually identified as nonlocal boundary conditions and
project situations when the data on the domain boundary
cannot be measured directly or when the data on the bound-
ary depend on the data inside the domain. Many researchers
study nonlocal boundary value problems (NBVPs) for hyper-
bolic and mixed types of partial differential equations. There
are many results (see [6-10]) on integral inequalities with two
dependent limits to theory of integral-differential equations
of the hyperbolic type and of difference schemes for the
approximate solution of these problems. Stability has been
actively studied in the development of numerical methods for
the approximate solutions of PDEs (see [5-31]). In particular,
an appropriate model for the analysis of stability is provided
by a suitable unconditionally stable difference scheme with an
unbounded operator.

It is known (see [29, 30]) that various multipoint NBVPs
for hyperbolic equations can be reduced to the problem
d*u (t)
dr?

+Au(t)=f(t) 0<t<l,

(0) = (M) + o,
u r;(xu( )+ "

Ut (0) = Zﬁrut (Ar) + 1//’
r=1

0<A;<Ay<---<A, <1,

Here A is a self-adjoint positive definite operator with domain
D(A) in a Hilbert space H.

A function u(t) is called a solution of problem (1) if the
following conditions are satisfied:

(i) u(t) is twice continuously differentiable on the seg-
ment [0, 1]. The derivatives at the endpoints of the
segment are understood as the appropriate unilateral
derivatives.

(ii) The element u(t) belongs to D(A) for all t € [0,1]
and the function Au(t) is continuous on the segment
[0,1].

(iii) u(t) satisfies the equations and the initial conditions

).



In the last decades, many scientists worked and published
scientific papers in the field of finite difference method for
the numerical solutions of hyperbolic PDEs. In this field,
first order and two types of second order stable difference
schemes for the solution of abstract hyperbolic problem (1)
were presented in [17] and high order of accuracy difference
schemes for the solution of the same problem were presented
in [18]. However, the difference schemes presented in these
references are generated by square roots of A. This action
is not good for realization. Therefore, in spite of theoretical
results the role of their application to a numerical solution of
(1) is not great.

In the present paper, a third order of accuracy uncon-
ditionally stable difference scheme generated by the integer
power of A for the approximate solution of the multipoint
NBVP (1) is presented. Stability estimates for the solution of
this difference scheme are established.

Some results of this paper, without proof, are published in
[16].

Note that many scientists have studied the solutions of
boundary value problems such as parabolic equations, elliptic
equations, and equations of mixed types extensively (see, e.g.,
[6-10, 21-31] and the references therein).

2. Third-Order Accurate Stable
Difference Scheme

In the present section a third order of accuracy stable
difference scheme for the approximate solution of multipoint
NBVP (1) is presented. We associate problem (1) with the
corresponding third order of accuracy difference scheme:
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Note that throughout this paper for clarity A, > 2rand A, < 1
will be considered.

We are interested in studying the stability of solution of
difference scheme (2) under assumption
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Throughout this section for simplicity we denote
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Now we consider the following lemma which was presented
before in [14].

Lemma 1. The following estimates hold:
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Proof. Using the spectral property of self-adjoint positive
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we have that
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14
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In exactly the same manner, one can easily obtain all the other
estimates of Lemma L. O
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Lemma 2. Suppose that assumption (4) holds. Then, the oper-
ator I - BY, has an inverse T, = (I - BL)™". From the symmetry
and positivity properties of the operator A the following esti-
mate holds:

ITel gy < M. (15)

Proof. Using the definitions of B, R, R, estimates in (1), and
the triangle inequality, we get
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Lemma 2 is proved. O

"H —H Note that the stability estimates in the sequel are obtained

by the method presented in the proofs of Lemmas 1 and 2
to obtain stability estimates. For clarity and avoiding long
equations the proofs of estimates are not put.

Now, applying the following formula (see [14])
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s=2 ¢ 6 . .
7 . A TP
. & - [&] + AT (RMk/T] le 4+ RWw/7] IRS) Ak [J]
T T 6 . :
3 Fe/7] |, plh/r]
+1Arz (RGR[Ak/r]—s _ RGI‘é[/\k/T]fS) A [ﬂ] ) i [R W7l |, Rl ]
6 T T 3
- *TZA [E[Akﬁ] + R[)uk/-r]]
: (fs - fsfl) )
A A TP
/\k Ak A [J]
+ ( - AT( Rs) - [7] . .
A AP 1,
- k + —R,T o
+— AT (Rs - Rg) - [7] )f[Ak/TH S k; k

R R/~ -y Ak A (/712 S
_ < - At (RGR[/\k/T] 1_ R6R[/\k/‘r] 1) 71( B [71(] . [ z (RSRGR[/\k/T] s-1 RSRGR[Ak/T] s 1)
$=2
T T
3
%7 [%] >f1] —gATZ (RyRRM-571
-~ = A b 3
18 1 1 Ak Ak 2 5 _R.R RMwAs-1y Ak [i} )
+ E;R4:BkR7 <; - 74T P [7] St sRs ) . .
A A } : (fs - fs—l)
k k
+ Zﬁk {—* < [7] o N
+ ( (RsRs — RsRy)
A
[ } f[Ak/T]T h ) {&}
T T
+l & — [ﬂ] zf’ T2 7
20T T [A/7] ) 6 (R r SRG)
1A AP N
il [7 Tom [ty - [7] Foupin

_ ( (Rsﬁﬁﬁ[lk/ﬂ—l _ R5R6R[Ak/1]—1)

&_{&} -
T T

. (ﬁsﬁﬁﬁ[/\k/‘l']—l _ R5R6R[Ak/f]_1)

1 n
- <_2 zlgk
k=1
7
Z a7
6

{ (R R[)\k/‘f R +R R[)\k/‘r] lR )
T

1 D - =~ =
+ EAT (RlR[M/T] IRS + RlRMk/T] le)

A A
S [ >f1]+RTzak
A [i]
T T [)tk/'f] 1 _ ~
~ At (R,RM 4 R R/ . [ > < (ReR™/7 — RRIM/7)
s=2
A Ak] 3
A A 2 M/tl=s _ 5 plhl/]-
T |:T _EAT (RgRMTI — R RIM/TI™)
_ _ A AP ’
+éA2T3 (RIR[)\k/T] +R1R[)lk/'f]) 7]‘ _ |:7k:| } > . % - [%] )(fs _frl)
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+ ( (Rg - R) - gATZ (R — Rq)
=

i fel 1y 3
- ( (RRM/It — RyRIA/IY 2ar

2
) e

- (RRWM/A-1 — RgRIM/T)

. Ak_[kkr)fl]

T T

1 n
: 5R4 Z“kR7

k=1
. &_[h]
T T
T a| M [ﬂ]
T T
3

6
L3k (X
+Z“"{2 =%

& - [&] 3f[,,\k/r]“ﬁ]’ +‘P>]’-

T T
Let us obtain estimates for || Ayl and A w| y using the
method of lemmas. First, applying A to formula (24), using
estimates (11) and (15) and the triangle inequality, we obtain

3
2
}f[/\k/f]-lf

2
2
Jowa®

7
+7
6

(25)

N-1
Al < M { ¥ 1t L+l
: (26)

R I NS

Second, applying A2 to formula (25), using estimates (11)
and (15) and the triangle inequality, we obtain

N-1
el < 0 {3 1=l Uil
s=2
(27)
Al el
The estimates (21) are proved for k = 0, 1. Now, we give the
proofs of estimates (21) which were also presented in [14] for

k > 2. Using formula (19), estimates (11), (22), and (23), the
triangle inequality, and method of Lemmas 1 and 2, we obtain

N-1
il < M { S |4y,
s=1

utt ool + “Ail/zl//“H
(28)

e sl

1
Applying A'? to (19), we get
s N-1
il < {3 Lk
s=1
(29)

+ ||A1/2 (I + irAl/z) (p"H +|vll +7 ||f1,1||H]> )
Applying Abel’s formula to (19), we get
w = & [RRF - R R s - [RE— R Rywo s = [RE
k=5 N (N L 20F 5

~R|Ry7’ fy, + TR,

k-1
) % (Z [Rst_s - Rsﬁk_s] (fo= fie1) (30)

s=2

+ (ﬁs _Rs) Jea - [ﬁeﬁlﬁ1 _RGRIH] f1> >
2<k<N.

Applying A to formula (30), using estimates (11) and the tri-
angle inequality, we obtain

Al < { 5 1l S

L P e P PR
ol )

Theorem 3 is proved. O

We denote the mesh function of approximation by a” =
{ak}szo. Then ||(I + 72A4)71a1 ;7 ~ lla; |l = o(7) if we assume
that 7||Aa, || tends to 0 as 7 — 0 not slower than |la, [ 5.
It takes place in applications by supplementary restriction of
the smooth property of the data of space variables. Let us give
applications of the abstract results presented in Theorem 3.

First, the mixed multipoint NBVP for hyperbolic equa-
tion

uy —(a(x)u,) +0u=f(tx),

0<t<l, 0<x<1,
n
u(0,x) = Zocju (/\j,x)+(p(x),
=1

0<x<1,
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Uy (0,x) = ilﬂf”t (Ajpx) +y (x),
=
0<x<1,
u(t,0)=u(t,1),
u, (£,0) = u, (1),
0<t<l
(32)

is considered. Problem (32) has a unique smooth solution
u(t,x), & > 0, and the smooth functions a(x) > a > 0

(a(0) = a(1), x € (0,1)), p(x), y(x) (x € [0,1]) and f(t,x)
(t,x € [0, 1]). This allows us to reduce mixed problem (32) to
multipoint NBVP (1) in a Hilbert space H = L,[0,1] with a
self-adjoint positive definite operator A* defined by (32).

The discretization of problem (32) is carried out in two
steps. In the first step, we present the grid space

[0,1], = {x:x,=rh, 0<r<K, Kh=1} (33)

in a Hilbert space L,;, = L,([0,1],), Wzlh = Wzlh([O, 1],) and
W22h = szh([O, 1];,) of the grid functions (ph(x) = {(pr}i{_1
defined on [0, 1];,, equipped with the norms

, S 1/2
ol = (Sl n)

K-1

ol =19, (2 10
hL +<K1’(<ph).2h>l/2
2h = %]
1/2
(Zloafn)

respectively. To the differential operator A generated by the
problem (32), we assign the difference operator A} by the
formula

[#"]lvz, = o

A" (0 = [~ (@@ gg),, +30,) (35)

acting in the space of grid functions ¢"(x) = {g,}& satisfying
the conditions @, = @k, ¢, — @y = Px — Px_;. With the help
of A}, we arrive at the multipoint NBVP

2 h
% AV (6 x) = 7 (6,%),

0<t<l, xel0,1],,

Discrete Dynamics in Nature and Society

V1 (0, x) = iocjvh (A x)+¢" (x),
=
x € [0,1],,
v (0, x) = i/sjvf (A x)+9" (%),
=
x €[0,1],
(36)

for an infinite system of ordinary differential equations.

In the second step, we replace problem (36) by difference
scheme (37):

2/ h h h 2 xn 1
2 (uk+1 () = 2uy; (x) +uy_, (x)) + = Ajuy (%) + A

3
<A, (”ZH (x) + ”Z—l (x)) ( ) ”k+1
= fi (%),
fi(x) = —f (teox) + — (f (tens )+ f* (i1, %))
1

- ETZ (_Afh (tk+1’ x) + ftlz (tk+1’ x)) >

E[O,l]h, tk:kT, NTZI, 1Sk§N—l,

”3@22%%ﬁmW)
j=1
-1( h h ’\j
+T (u[/\jm (x)—u[)‘j/r]f1 (x)) Aj— - T
A1\
(S - A, o () (Aj - [7]] T)

N

2

2 (= 85 (1l oy ) =y g1 (9)))
¢ Ui (A7) /711

A 3
.(AJ.—[?’]T) ]»+q)h(x), x €[0,1],,

(1+7° (A1) 7 (W) (0 -5 () = D'B;
j=1

“1(. h h
. {r (uM}_/T] (x) - U, o)1 (x))

2.
+ (f[)tj/r] _A};L”l[q/\,./ﬂ (x)) <Aj - [7]] T)

1 ! -1 4 x h h
] (e =745 (s g 0~y g1 ()
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1 " x\2 h
3 (f[)‘j/ﬂ B Aﬁf[)uj/r] +(A%) U, /e (x))

(2 }ven

£ @) = % fr o0+ 200,

€ [0,1],,

(37)

Theorem 4. Let T and h be sufficiently small numbers. Then,
the solution of difference scheme (37) satisfies the following
stability estimates:

h h
max "u + max ' <M max "
oxkeN I KILy,  gegeny IR IWS, Ul 1<keNat S Ly,

h h h

+ +]
v Lon Wi, W3, fl’l Ly |’

max "T (u 2uh+uh )
L<ken1 f+1 kT U1

h
+ max
Lo 0<k<N w,

(38)

+ max
Lo 2<k<N-1

<, |57

-1 h h
[ (- £l
h h h h
o U T P T R T R

Here M, does not depend on 1, h, ¢/'(x), y"(x), flh1 and f,i’,
1<k<N.

The proof of Theorem 4 is based on the proof of abstract
Theorem 3 and the symmetry property of the operator A7}
defined by (35).

Second, let Q) be the unit open cube in the m-dimensional
Euclidean space R™{x = (xy,...,%,) : 0 < x; < 1,1 < j<
m} with boundary S, Q = QuUS. In[0,1] x Q, the mixed
boundary value problem for the multidimensional hyperbolic
equation

Fut,x) &

F Z (a, (x) uxr)xr = f(t,x),

r=1

x=(xp00,%,) €Qp 0<E<1,
h < h h =
u (0,x) = Zocju (/\],x)+q) (x), xe€Q, (39)
=1
u? 0,x) = Zﬁjui’ ()L],x) +1//h (x), xe€Q,
=

uh(t,x) =0, x€8

is considered. Here a,(x), (x € Q), ¢(x), y(x) (x € Q,), and
f(t,x) (t € (0,1), x € Q) are given smooth functions and
a.(x)>=a>0.
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We introduce the Hilbert space L,(Q) of all square inte-
grable functions defined on €, equipped with the norm

1/2
m} . (40)

Problem (39) has a unique smooth solution u(t, x), and ¢(x),
y(x), a,(x), and f(t, x) are smooth functions. This allows us
to reduce the mixed problem (39) to multipoint NBVP (1) ina
Hilbert space H = L,(Q) with a self-adjoint positive definite
operator A* defined by (39).

The discretization of problem (39) is carried out in two
steps. In the first step, we define the grid sets

Wl = [+ [ 1P -

ﬁh:{x:x,:(hlrl,...,hmrm), r=(ry....7,), 0
<r;<Nj, i,N;=1, j=1,...,m},
(41)
QhZﬁhﬂQ,
ShZQhHS.

We introduce the Banach space Ly, = L,(Q,), Wy,
Wzlh(ﬁh), and szh = szh(ﬁh) of the grid functions (ph(x)

{p(h,ry, ..., h,r,,)} defined on O, equipped with norms
1/2
9", < Y Jo" G by ) ,
xEQh
9", = 1",
1/2
(2 8l )
xeQy, =1
(42)
Bl _ |l
w2 ”(P Ly,

1/2
m>
1/2
o)’

respectively. To the differential operator A generated by prob-
lem (39), we assign the difference operator A} by the formula

(23S

xeQy, =1

(280,

xeQ, =1

Z (a (x)u ) (43)

r=

x_ h
Ahux

—

acting in the space of grid functions 1" (x), satisfying the
conditions 1"(x) = 0 for all x € S;,. It is known that A3 is
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a self-adjoint positive definite operator in L,(;,). With the
help of A} we arrive at the multipoint NBVP:

2. h
% + AV (8, %) = [ (t,x),

0<t<l1, xeQy,

e (0,x) = Zocjvh ()L],x) +(ph (x),

o (44)
X € ﬁh’
dv (0, x

= B ) e o

X € ﬁh

for an infinite system of ordinary differential equations.
In the second step, we replace problem (44) by difference
scheme (45):

_ 2 . 1
T (uZ+1 (x) —ZuZ (x) +MZ71 (x)) + gAth (x)+ 5

A (o 00 iy )+ 57 (A3l @
= f (%),

FEG) = 3 o)+ ¢ (f () + 7" (62,))

1

- 57 (AL () + £ (B0 ))

tk:kT, ISkSN—l, NTZI,XGQh,

ug (x) = Z‘iocj {”ﬁ\j/ﬂ (x)
i
-1(. h h /\J'
+7T (qu/T] (x)—u[)lj/ﬂ_1 (x)) /\j— - T
A1\
(foay o1 - AU, o () (Aj - [?J] T)

(f[A /7] T_lAh (”[z\ o) (%) = ”[/\ /7]-1 (x)))

A1\
.(}\j—[%]r) ]»+(ph(x), x €y,

(1+7(4)") 7 () ) -y () = DB
j=1

L3
"2
7
"6

-1 h h
: {T (“[Aj/ﬂ () =up (x)>
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A
+ (f[xj/r] _A)}Czu?)»j/r] (x)) (/\f - [7]] T)

1

" 21 (f[l)‘j/ﬂ L (u[)l ) (%) = ”[A J71-1 (x)))

(2

1 "
3 (f[aj/r] -A

ATV
.(M—[f]r) }ﬂuh(x), x €Qy,

fl(x) =

(45)

2 n
i + (AL) 1 (x))

%fh(o,x)+§fth 0, x).

Theorem 5. Let T and |h| be sufficiently small numbers. Then,
the solution of difference scheme (45) satisfies the following sta-
bility estimates:

h h
max "u + max | <M max ”
o<k<n I KlLy,  ocken Wy, Ul igieNo fk Loy
i P +r| £
1// Ly, (P szlh WZ 1,1 Ly, 4
-2( h h, h h
max "T (u — 22U + Uy ) + max "u "
1<k<N-1 k1 kW)l R Mllwg, - (46)

< |12, + e [ (- A)

2<k<N-1 Ly,

h h h
eefolly, + Al |
szh ¢ W23h fl’l Wzlh

Here M, does not depend on 1, h, ¢"(x), y"(x), ffl, and f,f‘,
1<k <N.

Proof of Theorem 5 is based on the proof of abstract
Theorem 3, the symmetry property of the operator A7
defined by formula (43), and the following theorem on the
coercivity inequality for the solution of the elliptic difference
problem in L,,,.

Theorem 6. For the solutions of the elliptic difference problem

A’;luh (x) =" (x), xe€Q,
(47)
uh(x)=0, x €S,
the following coercivity inequality holds [25]:
S h
2les i, = e, (48)

Here M does not depend on h, o"(x).
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TABLE 1: Errors for the approximate solutions of problem (49).

N =20, N = 40, N =80,
Method M =20 M = 40 M =80
Difference scheme 0,0005962 0,0001554 0,00003946

solution

3. Numerical Results

In this section some numerical results are presented. The mul-
tipoint NBVP

Fu(t,x) 0u(tx)
ot? Ox?

= (£ -2t+3)sinx,
0<t<l, 0<x<m,

1 1 1 31
u(0,x) = -u(l,x)+ —u(—,x>+—sinx,
8 8 \2 32

0<x<m, (49)

1 1 1 15
u, (0,x) = §ut (1, x)+ gu, (E,x> Y sin x,

u(,0)=u(t,m)=0, 0<t<l1
for one-dimensional hyperbolic equation is considered. The
exact solution of (49) is

u(t,x) = (1-1t)*sin x. (50)

For the approximate solution of problem (49) the third order
of accuracy difference scheme (2) is used, and the set [0, 1], x
[0,7];, of a family of grid points depending on the small
parameters 7 and h is considered: [0, 1], x [0, 7], = {(t, x,,) :
t, = k1,0 < k < N,Nt = 1,x, = nh,0 < n < M,Mh =
nt}. The implementations of the numerical experiments are
carried out by Matlab.

The errors are computed by the following formula:

N

M= | (81, x,.) - 1] (51)

max

1<k<N-1,1<k<M-1

Here, u(t,, x, ) represents the exact solution and u* repre-
> k>*n P n I€P

sents the numerical solution at (4, x,,). Errors are presented
in Table 1.

In the table, the results are presented for different M and
N values which are the step numbers for time and space vari-
ables, respectively. The results in Table 1 indicate that error
decreases as M and N values get larger. Therefore it can be
verified by the experimental results (Table 1) that the differ-
ence scheme is stable.

4. Conclusion

In this paper a third order of accuracy unconditionally stable
difference scheme for the approximate solution of hyperbolic
multipoint NBVP in a Hilbert space with self-adjoint positive
definite operator is presented. The stability is established
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without any assumptions in respect of the grid steps T and
h. Numerical results verifying the theoretical statements are
presented. It is not easy to obtain arbitrary order stable
difference schemes. Nevertheless one can obtain fourth order
or higher order stable difference schemes using our results
and method. It is possible to consider the same problem with
fractional derivative or with small parameter e.
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